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Abstract

This thesis aims to improve the ability of autonomous marine vehicles to monitor
important ocean processes. Ocean monitoring is increasingly important due to
climate change, anthropogenic pressure, and biodiversity loss. At the same time,
the number of capable autonomous marine vehicles is growing, offering new
opportunities to monitor marine environments more effectively. These marine
vehicles are equipped with a variety of sensors, navigation capabilities, and
onboard computational facilities. By embedding onboard statistical models and
decision-making algorithms, this thesis develops intelligent agents that adapt to
data and decide where and when to sample. The core contribution of this thesis
is the design, implementation, and evaluation of these agents.

This thesis investigates two ocean phenomena: (1) oceanic frontal systems,
particularly river plumes, and (2) biomass hotspots composed of phytoplankton
and/or zooplankton. Both phenomena are represented using spatio-temporal
statistical models that assimilate data, incorporate prior knowledge, produce
predictions, and quantify uncertainty. For this purpose, this thesis uses Gaus-
sian random fields (GRFs) and latent GRFs. Furthermore, this thesis formalizes
sampling objectives mathematically; these can include targeting large gradients
in an ocean front or locating high concentrations of plankton. To achieve these
goals, this thesis evaluates sequential sampling designs using acquisition func-
tions such as expected improvement (EI) and expected integrated Bernoulli
variance (EIBV) to select sampling designs that best advance the sampling ob-
jectives. Through simulation studies, this thesis identifies data-driven agents
that account for the practical limitations of real autonomous marine vehicles.
Lastly, these methods are implemented on autonomous marine vehicles, typi-
cally autonomous underwater vehicles (AUVs), and are tested in field experi-
ments.

This text is divided into two sections. The first section provides background
information that is relevant to the research contribution. The second section
presents the research contributions themselves, consisting of several papers.
Each paper examines a specific phenomenon and then develops agents that
are evaluated through simulations and field experiments.
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Chapter 1

Introduction

I never see the truth as a fixed
star on the horizon but always as
an activity, a search, an
approximation.

Werner Herzog
Every Man for Himself and God

Against All: A Memoir

The ocean is essential for life on Earth. It covers about 70% of the planet’s
surface and plays a key role in regulating the climate. Approximately half of
the Earth’s oxygen is generated in the ocean (NOAA, 2026a), and the ocean
absorbs around one third of anthropogenic CO2 emissions (IPCC, 2013). This
only begins to illustrate why preserving healthy oceans is crucial for all life on
Earth. To achieve this, we must monitor the ocean effectively.

Humans have a long history of surveying the ocean, but the emergence of
oceanography as a formal scientific discipline is commonly traced to the HMS
Challenger expedition of 1872–1876 (Yonge, 1972). This expedition is frequently
regarded as the first voyage conducted with explicitly scientific objectives, yield-
ing foundational discoveries in oceanography. Since that time, ocean observa-
tion capabilities have expanded substantially: contemporary observing systems
include research vessels, moored and drifting buoys, satellite remote sensing
platforms, and a variety of in situ instrument arrays.

In recent decades, autonomous marine vehicles have played an increasingly
prominent role in ocean observation. Equipped with onboard navigation, sens-
ing, and computational resources for real-time decision-making, these platforms
can execute surveys with minimal or no human oversight. One common op-
erational paradigm is to predefine a survey plan that the vehicle subsequently
attempts to follow. An alternative, more adaptive paradigm is to permit the
vehicle to modify its sampling strategy in real time in response to the stream
of observational data. Realizing this capability requires onboard ocean models
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and principled algorithms for sequential decision-making.
This thesis seeks to integrate biological oceanography, robotics, and statis-

tical modeling to enhance the efficiency and effectiveness of autonomous ocean
sampling. The proposed sampling design algorithms are driven by concrete sci-
entific objectives, including, for example, the characterization of ocean fronts
and the detection of regions with high plankton abundance. At the same time,
the constraints and capabilities of autonomous robotic platforms fundamentally
shape which sampling designs are practically implementable.

1.1 Projects

Throughout my PhD, I have been funded by the Norwegian Research Coun-
cil (RCN) through the Maritime Autonomous Sampling and Control (MAS-
COT) project 305445. The goal of this project is to use statistical models and
decision-making algorithms on autonomous ocean robots for sampling various
ocean variables. A big focus has been on developing spatio-temporal models
that are useful and can run on edge in autonomous vehicles. The models are
often informed by physics-based ocean models. The statistical models are then
coupled with path planning algorithms that enable informative path planning.
Importance has been placed on simulation based testing and subsequently run-
ning field experiments. The main problem investigated was river plumes, which
resulted in several field campaigns in rivers in Trondheim, Norway, and Porto,
Portugal. Here we used AUVs to investigate salinity and temperature fronts
arising from the river water mixing with the ocean.

During these projects, there have been continuous collaborations between the
Department of Mathematical Sciences and the Applied Underwater Robotics
Laboratory (AURLab) in the Department of Marine Technology at NTNU.
There has also been collaboration with the research institute SINTEF Ocean
and the marine robotics lab Laboratório de Sistemas e Tecnologia Subaquática
(LSTS) in Porto.

In addition, I have been involved in the NRC SFI Harvest project 309661,
which is a collaboration between several departments at NTNU, research insti-
tutes, and industrial partners. Specifically, I was involved in two field campaigns
in Frohavet, outside of the Trondheimsfjord. The field campaigns focused on
finding and measuring high concentrations of the zooplankton species Calanus
finmarchicus. This was done using several autonomous surface vehicles and au-
tonomous underwater vehicles. These vehicles are equipped with heterogeneous
sensors that enable the sampling of different variables in different ways.

1.2 Thesis Outline

The thesis is split into two parts; the first part is an introduction to the problems
and subsequent techniques to solve them, and the second part consists of the
scientific publications.
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In Chapter 2, there is a brief introduction to the problems; studying river
plumes and evaluating the abundance of plankton. Different methods and sen-
sors that can investigate the phenomena are described. The ocean observation
platforms are introduced, specifically autonomous ocean vehicles, which are the
primary platform for the thesis. The main research question is how to design
algorithms that can most effectively investigate the phenomena of interest. In
Chapter 3, we introduce the statistical models used for modeling different ocean
variables. These models are implemented on autonomous vehicles, with an em-
phasis on being easily adaptable and providing quick computations. In Chapter
4, the focus shifts towards algorithms that enable autonomous agents to collect
the most valuable information. This includes describing several acquisition func-
tions for different applications. It also includes how these acquisition functions
are used to enable informative path planning. In Chapter 5, we outline how
simulations are used to determine which acquisition functions and path plan-
ning algorithms are best for different scenarios. Then, the best algorithms are
applied in the field; here, there is a list of these field experiments. In Chapter
6, there is an overview of the papers that are listed; the papers are presented in
full in the second part of the thesis. In Chapter 7, a short summary of the main
contributions to the thesis is provided, along with some possible improvements
and new directions for the work.
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Chapter 2

Background

“Overhead the albatross hangs
motionless upon the air
And deep beneath the rolling
waves in labyrinths of coral caves
The echo of a distant time comes
willowing across the sand
And everything is green and
submarine”

Pink Floyd
Echoes

In this chapter, background information is provided on the two primary
problems addressed in this thesis: detecting fronts and classifying water masses,
and identifying regions with high concentrations of biomass in the form of phy-
toplankton or zooplankton. For this, there will be short explanations of the
different scientific phenomena, as well as the techniques and sensors used to
measure them. There are significant variations in terms of scale of detail, cost,
spatio-temporal resolution, and many other features; therefore, we will try to
highlight some of the advantages of different methods as well as some drawbacks.
Lastly, the ocean platforms used to collect the data are discussed.

2.1 Ocean phenomena of interest

We aim to investigate biological-oceanographical phenomena that occur in the
upper water column. This part of the ocean is often very dynamic, with currents,
mixing zones, and an abundance of marine life (Lalli and Parsons, 1997). Due to
these conditions, the areas we are interested in monitoring are constantly shifting
and changing. Therefore, we need a host of sensors and platforms to accurately
describe the phenomena of interest. Here, we aim to give a short introduction
to the phenomena in conjunction with how we observe and investigate them.
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2.1.1 Ocean fronts and river plumes

From a distance, the ocean looks like a fairly uniform surface, and in many
places, it is. One can travel long distances while experiencing little change in
parameters like salinity and temperature. But there are some places where this
is not the case; there are locations where the properties of the water change
sharply over relatively short horizontal distances. These places are commonly
called ocean fronts. In oceanography, a front is typically defined as a region
or boundary where two different water masses meet (Ferrari, 2011). Fronts are
characterized by a large horizontal variability in an ocean variable, often salinity
(haline fronts) or temperature (thermal fronts), but they can also involve other
physical or biochemical properties.

Fronts appear on several different scales, from planetary frontal systems to
smaller river fronts. The mixing zones arising from these fronts produce some
of the most productive regions in the ocean and are ”hot spots” for marine
life (Belkin et al., 2009). Reasons why these regions can be productive include
the transportation of nutrients to the sun rich surface; they can also act as
accumulation zones (Olson et al., 1994). With these important properties and
complex behaviors, these phenomena are essential to investigate.

A specific type of front arises in the estuarine environment where a river
flows into the ocean or other bodies of water. When this occurs, a front forms
between the fresh river water and the saline ocean water; this is the river plume
(Lalli and Parsons, 1997). The fresher river water has a lower density than the
saline ocean water; thus, river plumes are usually on the surface and can cover
large areas in the ocean (Kang et al., 2013). The shape and characteristics of
the plume are influenced by many factors: the river flow rate, ocean currents,
salinity, temperature, wind, tides, seabed and outlet topography, and other
processes (Horner-Devine et al., 2015). In Fig. 2.1, we see satellite images of
two river plumes, the Douro in Portugal and the Gaula in Norway. While
these images mostly show suspended sediment, the plume shapes clearly differ
between the two rivers.

It is not only temperature and salinity that distinguish the water masses;
the nutrient load can also differ. Rivers transport nutrients from agricultural
land and other sources, which are then mixed into the coastal ocean, affecting
the marine ecosystem (Han et al., 2012). In addition, river flow can induce
upwelling that brings nutrient-rich water to the surface. In some cases, the
resulting high nutrient levels can trigger harmful algal blooms (HAB) (Wang
et al., 2019). This is one of the reasons why river plumes are important to
investigate.

There are many ways to investigate river fronts; these include, among oth-
ers, using physics based simulations, remote sensing, and in-situ measurements.
Using fluid dynamic principles, seabed topography, and often other inputs like
daily water discharge, wind, and tide, one can construct numerical solutions of
complex differential equations to simulate several characteristics of the plume.
There are several models that can do this, for example, (Mendes et al., 2016)
used numerical models to investigate interactions between Douro and Minho
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(a) Douro River plume (Portugal).

(b) Gaula River plume (Norway).

Fig. 2.1: True-colour Sentinel-2 images of river plumes: (a) Douro River,
Portugal (24 March 2026); (b) Gaula River, Norway (28 March 2026). Images
courtesy of the E.U. Copernicus Marine Service.

river plumes. For the Nidelva River, the numerical model SINMOD (Slagstad
and McClimans, 2005) can be applied to simulate several variables; Fig. 2.2
illustrates the spatial distribution of surface salinity. While numerical models
are important, they need to be validated and can often be improved by using
other sensor types.

Remote sensing can often be used to monitor the characteristics of river
plumes. Satellites use optical spectrometers to measure reflected light from the
ocean. The reflective properties vary with the conditions in the ocean. A com-
mon objective is to investigate spatio-temporal variability (see, e.g., Thomas
and Weatherbee (2006), Lihan et al. (2008)), which can be used to validate
results from numerical simulations (Mendes et al., 2016). This can be done in
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several ways; for instance, the suspended sediment in the plume was investigated
using satellite images by Ody et al. (2022). Zhu et al. (2011) estimated chro-
mophoric dissolved organic matter (CDOM) in the Mississippi and Atchafalaya
river plume regions, and chlorophyll concentration variability was investigated
by Mustapha (2011). A key strength of using satellites is that one can monitor

Fig. 2.2: Surface salinity from the SINMOD simulation of the Nidelva river
plume.

phenomena over a long duration and at a large scale. However, there are also
some weaknesses. The first issue is that images are often not available; cloud
coverage and orbits mean that data is not always accessible. The second issue
is that the satellite relies on optical sensors, which cannot detect every char-
acteristic; they can only observe the surface, while many important processes
are subsurface (Klemas and Yan, 2014). In addition, the estimates from the
satellites should be corrected and verified by measurements made in-situ and
using water samples.

In-situ measurements can be done by several ocean going platforms with
different sensors, depending on the application. The different types of platforms
will be discussed a bit later, but they can provide both surface measurements
and subsurface measurements. There are many suitable and valuable sensors
for investigating river plumes; these include salinity, temperature, turbidity, and
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chlorophyll a (chl a). However, they do have some weaknesses compared with
satellites; an ocean platform can only be in one place at a time, and moving
them around is often not possible, slow, or dependent on currents.

The advantages and limitations of various approaches to observing and
studying river plumes are also relevant to many other oceanographic questions.
The best way to alleviate the weaknesses of one type of observation is to combine
it with others. When many different observation platforms for different scales
observe different physical and biochemical properties, we get the best possible
understanding of the phenomena in question; this approach can be called an
observational pyramid (SmallSat Lab, 2026).

2.1.2 Plankton observation

The ocean is populated with tiny creatures called plankton; these are charac-
terized by their size and limited ability for horizontal movement, and therefore
move with the currents (NOAA, 2026b). Plankton are usually divided into
two sub-groups; phytoplankton and zooplankton. Phytoplankton are plant-like
organisms that obtain energy through photosynthesis, while zooplankton are
animal-like organisms that graze on phytoplankton or prey on other zooplank-
ton. Together, they form the basis of the ocean food web and are vital to all
life on earth. Further, we will discuss each of these types of plankton, and
importantly, how we can monitor them.

Phytoplankton

Phytoplankton is the dominant primary producer in the ocean, making it the
base of the ecosystem. These tiny creatures account for approximately half the
global oxygen production (McQuatters-Gollop et al., 2011). They play a key role
in carbon sequestration (Polimene et al., 2017). They can also grow excessively
and form HABs, which can negatively affect other organisms (Smayda, 1997).
Monitoring these organisms is important, but it can also be challenging.

In the field, multiple water samples can be taken from various locations and
depths. These samples will contain a wide range of phytoplankton species, as
well as information about other aspects of the samples biochemical properties
(Karlson et al., 2010). Laboratory analysis can subsequently be used to quan-
tify abundance and identify species, among other information. This approach is
time-consuming and expensive, but it remains the most effective method for ob-
taining a highly detailed picture. One common laboratory method is pigment
analysis. Phytoplankton rely on photosynthetic pigments to convert sunlight
into chemical energy. The main pigment is chl a, supported by various accessory
pigments; observing these pigments can be used as a proxy for observing phyto-
plankton. chl a is particularly valuable for estimating phytoplankton biomass
because it occurs in all phytoplankton groups. It is not only in the lab that this
pigment can be detected. A wide range of other techniques exists for measuring
this pigment, including remote sensing from satellites and in-situ fluorometry,
among others. An example of a processed ocean color satellite image can be
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seen in Fig. 2.3 1. This satellite product observes the ocean color for chl a, which
is the proxy for phytoplankton. Here we can observe the complex and patchy
distribution of chl a. It should also be noted that each pixel in the satellite im-
age is roughly 4x4 km in size; thus, the spatial resolution is limited. For greater
resolution, in-situ measurements might be required. The ease of measurement
and prevalence of chl a in phytoplankton means that chl a is widely regarded
as the most suitable proxy for primary production in the ocean (Huot et al.,
2007).

Fig. 2.3: Satellite-derived chlorophyll a along the Norwegian coast (clear-sky
day). Data courtesy of the E.U. Copernicus Marine Service.

Shifting attention to the Norwegian coastline, seasonal changes in sunlight
cause recurring phytoplankton blooms along the coast (Dale et al., 1999). These
blooms emerge in different coastal areas, depending on a variety of environmen-

1Global Ocean Color Plankton and Reflectances MY L3 daily observations. E.U.
Copernicus Marine Service Information (CMEMS). Marine Data Store (MDS). DOI:
https://doi.org/10.48670/moi-00282
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tal conditions; a major bloom typically develops in spring around May, fol-
lowed by a weaker bloom in autumn. The spring bloom is in turn followed by
a bloom of the zooplankton species Calanus finmarchicus (Broms and Melle,
2007), which is a key dominant zooplankton species.

Zooplankton

Zooplankton get their energy from grazing on phytoplankton and preying on
other zooplankton. They can be further divided into two groups; holoplankton,
which spend their whole life as plankton, and meroplankton, which only spend
part of their life as plankton (Lalli and Parsons, 1997). The latter group includes
fish eggs and several marine creatures that spend part of their lives as larvae.
Zooplankton are also an important food source for fish and other aquatic animals
(O’Brien, 1979).

An interesting behavior of zooplankton is that many species engage in a daily
vertical migration, this is called diel vertical migration (DVM). The plankton
move up and down in the water column at different times of day; most commonly,
they go to the surface during nighttime and dive down during the day. Many
point to avoiding visual predators as the main reason for this behavior (Lampert,
1993), but there are other explanations. Before the phenomenon was widely
known, the migration created a perplexing result for vessels with echo-sounders:
in the echogram, a phantom bottom would appear during the day, but at night,
it would rise and disperse (Dietz, 1962). It turned out that these layers in the
echogram were the result of so many small aquatic creatures migrating up and
down that they were detectable by acoustic-sensors.

Using acoustics has, in turn, become one of the more robust approaches for
detecting zooplankton (Lavery et al., 2010). However, numerous other observa-
tion techniques exist. A traditional method involves towing a fine-meshed net
through the water, where the mesh size determines which species are retained.
Additional approaches rely on optical detection using particle-imaging cameras.
One example is the SilCam, developed by SINTEF (Davies, 2026), which is a
backlight imaging system that can be mounted on various platforms.

Zooplankton, however, are more difficult to detect with satellite imagery.
Unlike phytoplankton, which contain distinct pigments for photosynthesis, zoo-
plankton are mostly transparent and may also reside at depths beyond the reach
of satellite sensors. Nonetheless, satellite detection is possible for certain species.
For instance, studies suggest that the red-colored C. finmarchicus can be ob-
served using satellite data (Basedow et al., 2019). This zooplankton species is
the most abundant in the North Atlantic (Broms and Melle, 2007) and is the
primary focus of the sampling campaigns.

2.2 Ocean observing platforms

We have already talked a bit about the different types of sensors used to observe
the ocean; now we will look at the platforms on which these sensors are mounted.
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Ocean observing platforms cover a range of functions and costs. The historical
way of observing the ocean is to use a research vessel. These boats can host
scientists, all kinds of sensors, and laboratories for analysis. They are often the
basis for launching the smaller observation platforms. These smaller platforms
include fixed stations called Moored buoys, drifting platforms further divided
into surface drifters and Argo floats, unmanned aerial vehicles (UAV), remotely
operated vehicles (ROVs), and lastly, autonomous vehicles. The moored buoys
stay fixed in one place and collect data for one location for a long duration;
sometimes they are equipped with sensors at different depths or sensors that
can be moved up and down. The drifters are moved by currents and can there-
fore move over large distances; Argo floats even have the ability to move up
and down in the water column. ROVs have the ability to move freely in the
water column but are usually tethered and use a human operator. Lastly, we
have the autonomous vehicles, which are the focus of this thesis. These are
platforms equipped with some form of propulsion, and therefore movements are
not fully dependent on currents. Importantly, for our aims, what matters is
their capacity to integrate real-time sensor inputs with onboard computing in
order to change the sampling design. Equipped with various sensors, their own
propulsion systems, and onboard computers, autonomous ocean vehicles can
modify their sampling strategies on the fly in response to new measurements,
all without human intervention. In a variable and rapidly changing ocean, this
capability is extremely valuable. It may, for example, allow a vehicle to track a
river plume or locate and follow dense aggregations of plankton. Autonomous
ocean vehicles are generally classified into two main categories: autonomous
surface vehicles (ASVs) and autonomous underwater vehicles (AUVs). This
work focuses on the latter, and in particular on AUVs that use propellers for
propulsion. Nevertheless, the algorithms presented are not restricted to AUVs;
although certain components may be vehicle-specific, the overall methods are
broadly applicable to autonomous platforms facing a sampling design problem.

The AUVs employed in this thesis were developed by OceanScan and are
referred to as light autonomous underwater vehicles (LAUVs). Similar to many
other AUVs, they feature a torpedo-shaped hull; an example of such a vehicle is
shown in Fig. 2.4 with some key components highlighted. We are particularly
focused on the sensors: at the front, there is the CTD sensor, which records
salinity, temperature, and depth; in the same area, there is also the fluorometer,
which measures chl a. Slightly further back, we have the echo-sounder, used
to detect zooplankton and other types of biomass, and located behind it is
the SilCam, which acquires images of zooplankton during sampling. Although
these LAUVs share a largely common design, they differ in terms of payload and
technical specifications. A crucial property is that each vehicle is light enough
to be carried by two people and deployed and recovered from a small boat,
eliminating the need for costly research vessels. They are positively buoyant
and must remain in motion in order to stay submerged.

A fundamental challenge for all such systems is that electromagnetic ra-
diation does not propagate far underwater, which means that GPS and most
common communication methods are ineffective below the surface. While sub-

17



merged, the AUV must therefore maintain an internal estimate of its position.
This positioning is often incorrect and increases with the duration underwater.
Alternative approaches to underwater positioning rely on acoustics, either by
detecting known features underwater or by getting the range to other known
positions (Vickery, 1998; Zhou et al., 2023). Because sound waves travel more
effectively in water than electromagnetic waves, they can be used for communi-
cation between vehicles by transmitting acoustic signals and listening for them.
Underwater communication is thus possible, but it remains constrained relative
to communication at the surface. However, when the AUV surfaces, it can use
its antenna for communication and to acquire a GPS fix. Taken together, these
capabilities allow the AUV to support a wide range of applications and address
diverse and interesting sampling design problems.

Fig. 2.4: LAUV with key components for propulsion/control, communication,
and sensing.

We are interested in using these autonomous platforms to examine dynamic
ocean processes, such as ocean fronts and plankton distributions. We have
several methods available for this, but our primary emphasis here is on the
AUV. We will explore how these phenomena can be modeled in a way that
incorporates incoming data, allowing the system to adapt and make improved
decisions about where to sample. The first step is to look at ways to model the
ocean.
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Chapter 3

Modeling and observations

“We demand rigidly defined areas
of doubt and uncertainty!”

Douglas Adams
The Hitchhiker’s Guide to the

Galaxy

Ocean models usually aim to describe one or more physical or biochemical
features. These models vary greatly in complexity, spatio-temporal resolution,
and assumptions, each designed for different purposes. Increasing complexity
and resolution can enhance the skill of the model, but it often comes at the cost
of expensive computations. In this chapter, the goal is to describe the models
we used onboard the agents that enable them to make better decisions on the
sampling design. Usually, we are only interested in one or a small selection of
features to model at a time. The agents are exploring relatively small areas, but
we are interested in high resolution in these areas. The model needs to be very
reactive to the continuously incoming data and use that to make predictions
and model the uncertainty of the predictions. Finally, the model should be
able to run onboard the agent, which means that computations have to be fast.
The core method for this section is to model the ocean variable as a Gaussian
random field (GRF)

3.1 Basics of Gaussian Random Fields

We consider an ocean variable x defined in spatial-temporal locations S =
(s1, s2, . . . , sN ). For the applications here, the locations are defined by the
lateral components sx and sy, the depth sz, and the temporal component t,
or in some cases, a subset of these components. This variable can be salinity,
temperature, chl a, etc. It is common to model the ocean variable using a
GRF. A GRF is fully characterized by its mean vector E[x(s)] = µ(s) and
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Model Covariance

Exponential C(h) = σ2 exp
(
− h

φ

)
Matérn 3/2 C(h) = σ2

(
1 + h

√
3

φ

)
exp

(
−h

√
3

φ

)
Gaussian C(h) = σ2 exp

(
− h2

2φ2

)
Table 3.1: Three common covariance functions. Here h refers to the distance
between two points s and s′ (h = ∥s− s′∥), and φ is a model parameter.

its covariance cov(x(s), x(s′)) = c(s, s′), see, e.g., Cressie and Wikle (2015).
Represented on the domain S, we write

xS ∼ N (µS ,ΣS) , (3.1)

where N (·, ·) denotes the multivariate normal distribution with mean vector µS
and covariance matrix ΣS .

When modeling the ocean, the prior mean µ represents our best under-
standing prior to deployment in the ocean. This knowledge can be derived from
various sources, including rule-based models, physics-based models (E.g Fig.
2.2), and previously collected survey or satellite data (E.g Fig. 2.3).

The covariance matrix describes how each pair of variables in locations si
and sj varies together. The covariance between two locations can be written
as cov(x(si), x(sj)) = c(si, sj). The constructed covariance matrix with each
element is

ΣS =


c(s1, s1) c(s1, s2) . . . c(s1, sN )
c(s2, s1) c(s2, s2) c(s2, sN )

...
. . .

c(sN , s1) c(sN , s2) c(sN , sN )

 . (3.2)

The diagonal elements of this matrix are the variances for each location, and the
non-diagonal elements represent the covariance between two locations. There
are several ways to construct the covariance matrix; here we use parametric
covariance functions that depend on some distance h between two locations.

In Table 3.1 we list some commonly used covariance kernels. These functions
describe how much the variables change together based on distance h. Fig. 3.1
shows how the covariance drops with the distance h, the variance parameter is
σ = 1 and the correlation decay parameter φ set in such a way that C(300;φ) =
0.3. From this figure, we can see that the exponential covariance function drops
the fastest, the Gaussian stays high for longer, and the Matérn (3/2 and 5/2)
are somewhere in the middle. This affects the ”roughness” or smoothness of
the realizations. To illustrate the roughness, we can simulate 3 fields using 3
different covariance functions with zero mean. This is defined in a 2D domain in
a square with a size of 1 km × 1 km. The distance h is defined as the Euclidean
distance between two locations. The three resulting fields are shown in Fig
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Fig. 3.1: Different parametric covariance functions with. Here the field variance
is σ2 = 1, changing this will quadratically scale the height of the functions.

3.2. From left to right, the fields appear rougher on the left and smoother on
the right. Choosing the least smooth (Exponential) adapts easily to the data,
but the correlations drop quickly and do not provide accurate predictions far
away. The Gaussian covariance function is very smooth, often resulting in high
correlation at long distances. Due to the smoothness, it can make the field
unrealistically smooth.

Fig. 3.2: Different realizations of a field using a different covariance function.
a) Uses an exponential covariance function, b) uses a Matérn (ν = 3/2) and c)
uses a Gaussian covariance function. The realizations become smoother from
left to right.

This example shows 3 different covariance functions; there are many more,
but these are very commonly used and well studied. It could also be noted
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that the Matérn covariance function has a smoothness parameter ν, and the
exponential and Gaussian are cases of this covariance function with parameters
ν = 1/2 (exponential) and ν → ∞ (Gaussian).

Separable Kernel

So far, we have looked at isotropic covariance functions, which means that the
covariance between points si and sj depends only on the distance and not the
direction. In the fields in Fig. 3.2 there is no form of orientation of the field. This
assumption does not work well for the ocean, which is not isotropic, especially
when also considering the depth. In some sense, the ocean is flat; usually, the
vertical variability is much higher than the lateral (Talley, 2011). A model needs
to take this into account to be able to model both lateral variation and depth
variation. In addition to depth, we do not want the model to be static over time.
For a shorter time-frame, this might be a serviceable assumption. However, for
longer time periods, one might want to take this into account.

One of the simpler ways to model this anisotropy is by using a separable
covariance function. With a separable covariance function,

c(si, sj) = σ2 · Cxy(hxy;φxy) · Cz(hz;φz) · Ct(ht;φt). (3.3)

The functions Cd(·;φd) represent different covariance functions for different di-
mensions. These functions can, for example, be chosen from the suggested
functions in Table 3.1, with a common variance σ2. The distance values for hxy,
hz, and ht represent lateral, depth, and temporal separation between locations
si and sj . These distances are defined as

hxy =
∥∥(sx,i, sy,i)− (sx,j , sy,j)

∥∥, hz =
∣∣sz,i − sz,j

∣∣, ht =
∣∣st,i − st,j

∣∣.
In Fig. 3.3 we generated a field using a separable covariance function. It is

perhaps not obvious to observe, but the effective correlation range differs across
different dimensions.

3.2 Conditioning on data

One of the stated goals of the model is that it should be able to be updated using
data from the onboard sensors. During a field experiment, the agent collects
data; observed data for a location s is denoted as y(s) and comes from the true
field value x(s) plus independent Gaussian noise ϵ(s). The observation model
for a point s can be written as

y(s) = x(s) + ϵ(s), ϵ(s) ∼ N (0, τ2), (3.4)

where τ2 is the observation noise variance. After observing the data yS , we can
derive the posterior distribution of xP |yS , where P denotes the set of points of
interest. This set P = (p1,p2, . . . ,pM ) may coincide with the sampled points
S = (s1, s2, . . . , sN ), or it could represent a regular grid, or even a trajectory
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Fig. 3.3: Field simulated using a separable covariance function in the lateral
dimension, depth dimension and temporal dimension.

along which the agent is considering making observations. The conditional
model is again Gaussian, with mean mP|S and covariance matrix V P|S . This
is derived from the following equations

xP |yS ∼ N (mP|S ,V P|S),

mP|S = µP +ΣP,S (ΣS +R)
−1

(yS − µS), (3.5)

V P|S = ΣP −ΣP,S (ΣS +R)
−1

Σt
P,S ,

where R is the measurement noise covariance matrix R = τ2IS and ΣP,S is
a cross covariance matrix between the variables at the points we are interested
in P and the data points S. If we want the posterior distribution of xS on
yS , then we simply set P = S. Often, we work with a regular vector grid field
G = (g1, g2, ..., gM ), and the observed values are assigned to nodes on the grid.
Then we can set P = G.

Using Eq. (3.5), we can simulate a 2D field with D = [0, 1000]× [0, 1000], a
Matérn (3/2) covariance function with a variance parameter σ2 = 22, a corre-
lation decay parameter φ = 200, and a prior mean shown in Fig. 3.4 a). One
realization of this field is generated and shown in Fig. 3.4 b), then we observe
data along the red path. The path is then S and the data along this path is
yS , the points we are interested in predicting is a regular grid inside D. Using
Eq. (3.5) we can Kriege the rest of the field conditional on the observed data,
this can also be called the posterior mean. The resulting field is shown in the
left field (Fig. 3.4 c). The plot shows that the conditional field is closer to
the true field after sampling, especially near the observed path. This is further
highlighted in Fig. 3.5. The left plot shows the absolute error between the prior
mean and the true field, in contrast, the middle plot is the posterior error. It
is clear that the error is greatly reduced after adding the data. The right plot
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(Fig. 3.5 c)) shows how the variance, or the diagonal terms of matrix V G|S , is
lower closer to the path.

Fig. 3.4: a) Prior mean of the field, b) the true field and c) the posterior mean.
All plots shows how the agent moves in the field. The posterior mean is closer
to the true field close to the agents path.

Fig. 3.5: a) Prior absolute error, b) posterior error and c) the posterior vari-
ance. All plots show the observed path. The absolute error is reduced when
conditioning on the observed locations.

3.3 Computational considerations

A requirement for the models is that the necessary computations should be fast
enough to run on a computer inside the vehicle with a reasonable deliberation
time. The main issue arises from the number of points conditioned on M and
the number of predicted points N resulting in large matrix multiplications and
inversions. A normal way to model the field is to use regular grid nodes G
that extend the lateral plane of the domain and relevant depths. The spacing
between the nodes and the size of the domain then determines the number of
predicted pointsN . As the number of observed grid nodesM increases, Eq. (3.5)
becomes more and more expensive. Because data points are usually assimilated
in batches during sampling, the computation time for each batch can be greatly

24



reduced by using a batch-sequential formula and updating the conditional mean
and variance for the field at each step; see Chevalier et al. (2013) or Ge et al.
(2023). However, the computation time is affected by the size and resolution of
the grid, and sometimes the onboard computer cannot handle the desired size
and resolution in a reasonable time. Another approach is to not use a grid and
only predict the parts of the field that are relevant at any one time. That means
that the size of the model in memory is the same as the number of observed
points. This also means that one does not need to consider the size, shape,
and resolution for the field in each different experiment, making it a bit more
flexible to quickly adapt to new conditions. An illustration of the difference
between these models can be seen in Fig. 3.6, in Fig. 3.6 a) a normal regular
grid is shown, in Fig. 3.6 b) a model using only points along the observed path
is shown. This illustration does not show the depth, which increases the number
of points for the regular grid, but not for the updating model.

Fig. 3.6: The black dots are the nodes in the model, the red line follows the
path of the agent and the red arrow is the agent. a) Illustrates a regular grid, b)
Illustrates a model with points only along the path and c) Points being thinned
from the model.

This still results in computational challenges. The data is assimilated into
the model in batches, the full list of points is written as S1:J = (S1,S2, . . . ,SJ),
where each Sj is a batch of points. For each batch added to the model, the
Equations in (3.5) become more expensive, especially the inverse part. Using
a block version of the Sherman-Woodbury-Morrison formula (Petersen et al.,
2008) this can be done more efficiently. See Olaisen et al. (2025) for how this is
done. In summary, this trick revolves around only computing the inverse for the
new batch, and store the inverse for the other points from the previous stage.

Despite the trick with matrix inversion, the computation time will increase
for each batch added, and there is a chance that the computations will become
too expensive. The method is to simply reduce points in the model that are far
away in space and time (Olaisen et al., 2025), this thinning will have a limited
effect on nearby predictions due to the spatial screening effect (Stein, 2002).
An illustration of this can be found between Fig. 3.6 b) and Fig. 3.6 c). When
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removing the grid, we have assumed that predicting the whole grid is not always
relevant, but sometimes predicting the entire field is valuable; in these cases,
the grid can be split into batches G = (G1, . . . ,Gk). Then Eq. (3.5) is used
for each batch, note that much of the computations here are only done once.
This has the benefit of runtime scaling linearly with the size of the grid instead
of cubically; it does, however, come at the cost of not having access to the full
covariance matrix.

Ultimately, there are often several ways to control computational demand,
so it is crucial to understand the specific requirements of the problem being
addressed and work from there.

log-Normal and Poisson extension

The GRF is often straightforward to handle, but it does not always provide
a good representation of the variable we are interested in. Therefore, we can
extend the framework to include latent GRFs. Certain variables can be patchy;
therefore, it may be suitable to model the field variable as a log-normal distri-
bution. Then we can change the observation model to become

log(y(s)) = x(s) + ϵ(s), ϵ(s) ∼ N (0, τ2). (3.6)

Here, the latent field x becomes the latent GRF. There is also an added benefit
that the field values on the exponential scale are always positive.

Another issue arises when dealing with discrete data while the GRF takes
continuous values. For instance, when using a particle camera, we may wish to
model the number of plankton visible in an image. This plankton count can be
treated as Poisson distributed with intensity or mean λ(s) = exp(x(s)), where x
denotes the latent intensity field of the plankton at a location s. The observation
model conditioned on this latent intensity field can then be expressed as

y(s) ∼ Poisson(λ(s)), (3.7)

λ(s) = exp(x(s)),

where the latent intensity field x here is a GRF. Thus, we can use the same
covariance functions for x and similar equations for conditional predictions as
shown in Eq. (3.5). The modified equations can be written as

xS |yS ≈ N (m̂xS |yS
, V̂ xS |yS

),

m̂xS |yS
= µS +ΣS (ΣS +R)

−1
(z − µS), (3.8)

V̂ xS |yS
= ΣS −ΣS (ΣS +R)

−1
ΣT

S .

Here we need to estimate m̂xS |yS
, V̂ xS |yS

and R, this can be done using
Newton-Raphsons Algorithm shown in Alg. 1.
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Algorithm 1 Newton-Raphson Algorithm for posterior approximation in the
situation with a Poisson observation model.

Require:
Observations yS from a path S, prior-mean µS , and covariance matrix ΣS
and a tolerance δ
x(0) = log (yS + 1 · ϵoff) as the initial guess (minuscule ϵoff > 0)
repeat For each time k = 0, 1, . . .: ▷ Loop until convergence

Get z with entries zi =
(
yi − exp(x

(k)
i ) + x

(k)
i · exp−x

(k)
i

)
· exp(x(0)

i )

Get R with entries Ri,i = exp
(
x
(k)
i

)
and Ri,j = 0 when i ̸= j

Get m̂
(k)
xS |yS

and V̂
(k)

xS |yS
from Equation (3.8)

x(k) = m̂
(k)
xS |yS

if ∥x(k) − x(k−1)∥ < δ then

Return m̂
(k)
xS |yS

, V̂
(k)

xS |yS
, z and R

end if
until

3.4 Parameter estimation

The choice of parameters will be important for the quality of the predictions
and for how well the model fits the data. To illustrate this a bit, we use the
previous example of the agent moving in the field (Fig. 3.4). The conditional
field generated on the right is done using the same parameters with which the
field was generated, but we can test what would happen if we set the correlation
decay parameter φ to large or too small when computing the conditional. The
conditional mean along the path is shown in Fig. 3.7 a). This display shows that
the correct choice of the correlation decay parameter φ allows the posterior to
follow the variation of the true field without overly reacting to measurement
noise. It is not only the posterior along the path that matters; more impor-
tantly, the predictions further away from the path are interesting. If we run 50
experiments with new true fields and a new random path of the agent, we can
see what the squared error is a certain distance from the path, this is shown in
Fig. 3.7 b). By choosing the correct value for the correlation decay parameter
φ, the predictions remain as accurate as possible at a distance. This is a simple
experiment where we only set one parameter, but it can illustrate how it af-
fects the models ability to describe the field variance and predict new locations
correctly.

Variogram

A popular method commonly used in geostatistics is to use variograms (Hilal
et al., 2024), or more commonly semi-variograms, for both model selection and
parameter estimation. The semi-variogram can be understood as how much
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(a) (b)

Fig. 3.7: a) Conditional mean along the agent path using different values for the
correlation decay parameter φ against the observed points and the true mean,
b) Mean squared prediction error based on the distance form the observed path

change there is at a certain distance h. The semi-variogram can be defined as

γ(hij) =
1

2
Var [(x(si)− x(sj))] =

1

2
E
[
(x(si)− x(sj))

2
]
. (3.9)

An approach is to estimate an empirical non-parametric semi-variogram by tak-
ing the average squared difference between observation pairs at a distance h. To
do this, distance bins are defined H = (h∗

1,h
∗
2, . . . ,h

∗
K) around center points

such that h∗
k = (h∗

k − d, h∗
k + d). Then, we can define a set of point pairs where

the distance is within that range Sk = {(si, sj); ∥si − sj∥ ∈ h∗
k , si, sj ∈ S}.

Then, the empirical semi-variogram from the midpoints h∗
k is defined as the

average squared difference between the point pairs in Sk. This can be written
as

γ̂(h∗
k) =

1

2 ·NSk

∑
(si,sj)∈Sk

(y(si)− y(sj))
2
, (3.10)

where NSk
is the number of pairs in Sk. An example of the empirical variogram

is plotted in Fig. 3.8; the blue line represents the empirical variogram for differ-
ent distances. In this example, N = 1000 points are drawn from a field similar
to that shown in Fig. 3.2 with a Matérn(ν = 3/2) covariance function, with
the correlation decay parameter φ = 50, variance parameter σ2 = 1.22, and
iid measurement noise ϵ(si) ∼ N (0, 12). In the figure, one can see that there
is a jump from 0 up to the first point; this value is called the nugget and can
be interpreted as measurement noise in this context. Secondly, the variogram
flattens out at a certain point; this is the distance where two points are uncor-
related, and this is often called the effective range, which is often defined as the
distance where the variogram reaches 95 % of the plateau height. Lastly, it is
the plateau itself; this height is called the sill. There are several considerations
when constructing the semi-variogram, such as the number of bins and maxi-
mum distance, and good practices depending on the dataset; see, e.g., Müller
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and Zimmerman (1999) for a much deeper discussion.

Effective Range Nugget

Sill

Fig. 3.8: Empirical semi-variogram with the effective range, nugget and sill.

Variograms can be defined with the parametric covariance functions in Tab.
3.1 and using Eq. (3.9). This gives the semi-variogram

γ(h;θ) = τ2 + (σ2 − C(h;φ)), (3.11)

where θ = (τ2, σ2, φ). We can relate parameters with features in the non-
parametric case in Fig. 3.8, which results in γ(0) = τ2 (nugget) and γ(h → ∞) =
τ2+σ2 (sill) and effective range can be found by solving γ(h;θ) = 0.95·(τ2+σ2)
for h. Similarly to the non-parametric case we want to estimate these parame-
ters using the data. Utilizing the empirical semi-variogram and minimizing the
weighted least squares (WLS) between the empirical semi-variogram defined in
Eq. (3.10) and the parametric semi-variogram in Eq. (3.11), this results in the
following optimization problem

θ̂ = argmin
θ

1

Np

∑
h∗

NSk
· (γ̂(h∗

k)− γ(h∗
k;θ))

2
, (3.12)

where NSk
is the number of pairs in Sk, and Np is the total number of pairs

in S. To continue with the example from earlier in the section, we can use the
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empirical semi-variogram to estimate the parameters θ = (τ2, σ2, φ). This is
illustrated in Fig. 3.9. Here we see the empirical variogram and the estimated
empirical variogram with the red line, and the true variogram in green. The
resulting variogram is very close to the true variogram, this is not always the
case. Some factors that can make estimation more difficult are having fewer
points, unevenly distributed points, or a more complicated underlying covari-
ance structure.
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Fig. 3.9: Fitted parametric variogram with the help of the non-parametric
variogram using WLS.

This method can also be used for model selection to determine which model
gives the lowest WLS in the end. Naturally, there are a range of variations
on how to fit these variograms and use them for model selection. For a better
discussion, see, e.g., Müller and Zimmerman (1999) or Mahdi et al. (2020).

Maximum (log-)likelihood

Another approach is to use maximum likelihood estimation, or log-likelihood
for practical reasons, to estimate the parameters. Provided a dataset y(S) is
drawn from a multivariate normal distribution with y(S) ∼ N (mS ,KS), where
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KS = ΣS + Iτ2, we can define the likelihood as

L(y;x,θ) =
1

(2π)N/2 · det(KS)1/2
exp

(
−1

2
(yS −mS)

TK−1
S (yS −mS)

)
,

(3.13)
where θ = (τ2, σ2, φ) and N is the number of points. In this case, we are inter-
ested in finding the parameters that maximize the likelihood function. Practi-
cally, it is easier to optimize the log-likelihood, this is then defined as

logL(y;x,θ) =
N

2
ln 2π− 1

2
ln det(KS)−

1

2
(xS−mS)

TK−1
S (xS−mS). (3.14)

There is no closed form solution to this problem, but there are many options
for obtaining numerical optimization. The most basic approach is a simple grid
search for all probable parameter values, but a method like the Newton-Raphson
algorithm can be executed much faster. The Newton-Raphson algorithm relies
on finding the gradient vector z, also called the score vector, and the Hessian
H. The score vector entries are defined by

zi =
∂

∂θi
logL(y;x,θ), (3.15)

and the entries of the Hessian can be written as

Hij =
∂

∂θi∂θj
logL(y;x,θ). (3.16)

Then the iterative equations can be written as

θ(i+1) = θ(i) −H−1z · λ, (3.17)

where λ is a step-length parameter. This iteration can be done until it converges.
We can use the Newton-Raphson method for the same parameter estimation

as in Fig. 3.9. In Fig. 3.10, the path-steps for θ(i) are shown for the correlation
decay parameter φ and variance parameter σ2. The measurement noise param-
eter τ2 is also included in the algorithm but is not shown in the figure. This
path is plotted on top of the log-likelihood surface with a marker for the true
parameters; the algorithm converges to a point close to the true values, similar
to the parameters found using the semi-variograms. The log-likelihood surface
is plotted with τ2 at its final value after the optimization, not the true value.

In some cases, the score vector and Hessian in equations (3.15) and (3.16)
are cumbersome to compute analytically. In such situations, numerous methods
and solvers instead approximate these quantities numerically (see, e.g., Broyden,
1970).

Cross-validation with spatio-temporal blocks

The last approach discussed here is using cross-validation (CV) with spatio-
temporal blocks. This is also a more computationally expensive method than
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Fig. 3.10: Newton-Raphson for finding the parameters θ = (τ2, σ2, φ). The
path of the evaluated parameters, a mark for both the final parameters and the
true parameters are shown. The log-likelihood surface is plotted using the final
value for the noise variance τ2.

the previously mentioned methods, but in some cases, the other two do not work
as well. If the field is very anisotropic or the log-likelihood and derivatives are
hard to compute, one may want to use other approaches.

The general idea of cross-validation splits the data y into K disjoint sets
y =

(
y(κ1), . . . ,y(κK)

)
, where κj is an indicator for the jth set. These sets

are often called folds. Then, for each fold κj , we use the data not in the

jth set y(κ−j) to estimate a predictor f̂(κ−j)(·). We then use the predictor
to predict the data points yκj , and finally, we compute a score for this fold
L(y(κj), f̂(κ−j)(S(κj))) (Hastie et al., 2009). When this is done for each fold, we
can compute an average score. The average score can be used to find which
hyperparameters work best or to estimate the accuracy of the model. In the
model described above, the predictor is the conditional distribution shown in

equations (3.5) yS(κj) |yS(κ−j) ∼ N
(
mS(κj)|S(κ−j) ,V S(κj)|S(κ−j) + τ2I

)
. The

scoring function L can just be the mean-squared error,
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MSE(κj ;θ) =
1

N

∑
s∈S(κj)

(y(s)−m(s))
2
, (3.18)

where m is the conditional mean for the point s. However, there are ways
to utilize the variance of the predictions. We can compute the negative log-
likelihood for the out-of-sample points, this can be written as

nll(κj ;θ) = − 1

N

∑
s∈Sκj

ln p(y(s);yS(κ−j) ,θ), (3.19)

where p(; ) is the likelihood for a normal distribution. The reason for using the
negative here is simply that, with the rise of machine learning techniques, it has
become more popular to show problems as minimization problems using loss
functions. Here, we use a Gaussian likelihood function, but remember that the
predictions can have a different distribution. In Eq. (3.8), we showed a model
with Poisson data; thus, this would be the appropriate likelihood function.

We have not discussed how the data are split up, and this is the key difference
between normal CV and CV with spatio-temporal blocks. Here we will split the
data intoK different folds with roughly the same size, but instead of distributing
the data randomly into the folds, we use spatio-temporal blocks (Stock, 2025).
The issue with splitting the data randomly can be seen in Fig. 3.11 a), due
to the underlying spatial structure of the data; 2 close points will be highly
correlated. This is also not representative of how the model will be used; in the
experiments, the model will make predictions for locations that are further away
from neighboring points. To mitigate these issues, we employ spatial blocks as
shown in Fig 3.11 b). Note that this is just one of many different ways to split
up the field; see Stock (2025) for more examples.
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Fig. 3.11: a) Points randomly split into 5 folds, b) Points split into 5 folds
using spatial blocks
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Similarly to the semi-variogram and the MLE, we can use this method to
estimate parameters using an optimizer. The results can be seen in Fig. 3.12,
where we can observe how the parameters move towards the best estimate,
noting that there is some backtracking. The algorithm estimates the noise
variance parameter τ2 as well, but this is not visualized. The surface is plotted
using the final estimate for τ2.
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Fig. 3.12: The optimization path for the parameters for the CV. Note that the
surface is plotted using the final estimated measurement variance parameter τ2.

For both MLE and CV, we have visualized the optimization surface for two
variables; however, this is usually not available. Furthermore, there are often
many more parameters. Thus, the methods can be harder to visualize. This
demonstrates one of the advantages of the variogram: it is easy to interpret and
compare with the data. However, with more complex covariance structures, it
is not as easy.

Further remarks on parameter estimation

Here, three different approaches to parameter estimation are presented, each
with its own advantages and drawbacks. A mixed approach can be used for dif-
ferent parameters in the model. Other common approaches that could be worth
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using are Markov chain Monte-Carlo (MCMC), bootstrap methods (Garćıa-
Soidán et al., 2014) - which can also be used for the methods described in this
section to get some intervals for the estimated parameters, or integrated nested
Laplacian approximation (Bakka et al., 2018) to name a few. The methods in
this section are illustrated using a simple example, their performance in a real
case will depend on how complex the model is and on the quality of the available
data.

The quality of the data and where to get it are crucial considerations. To
estimate parameters, one must rely on some type of data. Because the ocean
is highly dynamic, obtaining data that match well to the specific target can
be challenging. There are many different options discussed in the background
Chapter 2, but usually only a few are available. For certain variables, satellite
data will be widely available. There can be challenges with resolution and lack
of depth perception, or it may be a different type of sensor than what is on the
vehicles, but due to the availability, this is worth trying.

Numerical simulations can also play an important role. Even when they
are unable to provide precise predictions because of uncertainties in the initial
conditions, they can still reproduce key features of the system that are useful
for estimating parameters.

Previous surveys in the region can also be used. It is not always easy to
obtain the data used, but sometimes the parameters are published and can be
adapted to different models. It is important to be cautious if the other survey is
using different sensor types and that the properties of the ocean can be highly
seasonal. Therefore, previous surveys should be a starting point but should be
adjusted when there is sufficient new data.

Perhaps the best method is to estimate parameters using data from the
current survey, either automatically on the fly by the vehicle or between de-
ployments. When parameter estimation is done on the fly, some issues can
arise. The computation onboard is often limited, and parameter estimation
is one of the more computationally expensive tasks, which makes it challeng-
ing to achieve using edge computing resources. Another issue is that with the
new parameters, the model will have to be estimated again, for example, using
the sequential equations as shown by Chevalier et al. (2013); depending on the
number of observed locations, this can be costly. Perhaps the largest issue is
that the parameters should not be re-fitted until there is enough data available;
however, this is harder to program and predict beforehand. In addition, several
of the algorithms discussed here can diverge or create unreasonable outcomes,
and it is challenging to implement sufficiently robust algorithms. Another ap-
proach is to send data from the vehicles during operation and then send the
tuned parameters back to the vehicle. This can also be improved by combining
sensor measurements from multiple vehicles. The common feature of all these
approaches is that the algorithms for parameter estimation must be in place
before the survey begins and must be tested to ensure that the parameters can
be estimated accurately without too many issues.

In conclusion, good parameter estimation is important to make the models
as accurate as possible, and there are many methods and data sources to achieve
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this goal. However, the best method varies depending on the model and data
availability for the specific survey.
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Chapter 4

Path planning and
acquisition function

How shall the question ”Where
does the river stop and the sea
begin?”, be answered?

Wassily Kandinsky
Point and Line to Plane

With limited time and resources for sampling, one needs to prioritize where
and when to focus sampling efforts. It is hard to know, before the vehicles
are deployed, exactly where sampling efforts should be focused. This is espe-
cially difficult if the feature that is interesting, such as ocean fronts, is moving
throughout the experiment. With sensors, onboard computing, and the ability
to move, we can design intelligent agents that make decisions on where to sam-
ple. Such agents can respond dynamically to incoming measurements and select
subsequent sampling locations accordingly, a strategy known as adaptive sam-
pling. Achieving this behavior requires methods for automated decision making
and path planning. Although we focus primarily on AUVs in this chapter, the
techniques presented are not limited to AUVs and are broadly applicable to
other autonomous sampling platforms.

4.1 Sense-Plan-Act

An approach to choosing how the vehicle should behave is to use the
”Sense→Plan→Act” cycle (Siegel, 2003), this can be used as a data driven
approach to sampling. This cycle can be seen in Fig. 4.1 for adaptive sampling.
An important part here is the onboard ocean model, as described in Chapter 3,
which is used for assimilation and prediction. However, that is only one part of
the decision making loop. We also need some way to suggest feasible paths or
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Fig. 4.1: Adaptive sampling loop. Each dot represents a measurement, the
green dots are points in suggested paths, and the yellow dots are along the best
path available.

designs P = (P1,P2, . . . ,PN ), and then decide which path is the best path P∗.
The best path is the one that maximizes utility.

BestPath = P∗ = argmax
Pj∈P

f(Pj). (4.1)

The function f is called the acquisition function; it is often also referred to as
the utility function or the objective function (Garnett, 2023). This function
attempts to find the path or sampling design Pj ∈ P that would yield the most
valuable samples. This acquisition function depends on the onboard model and
what has been observed before. In the act part of the cycle, the agent will
sample the path P∗ or parts of the path.

4.2 What is interesting? Where to sample?

With the model in place, we arrive at a central question: Where should we
sample? If we revisit the true field in Fig. 3.4 b), it is not obvious which parts
of the field are the most interesting. Here, one has to define some goals for the
sampling; that is, features of the field that are considered valuable. A normal
goal is to find the highest values in the field and, conversely, to find the lowest
values in the field. Other times, like when we look at fronts, we want to separate
the different water-masses, then we might be interested in sampling values close
to a threshold. Another way to look at fronts is to find where the change in the
field is the highest. These different considerations are illustrated in Figs. 4.2
and 4.3. The four regions illustrated are in different parts of the field; therefore,
sampling efforts should differ depending on the goal. One can also observe that
high gradient regions and the values close to the threshold are relatively close.
The idea is to imagine that these are two ways of looking at a front.
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Note that these illustrations only show the interesting regions for one vari-
able; one could use different regions for different fields. To complicate it further,
one could consider several types of interesting regions for each variable.

Fig. 4.2: The background field shows the true values, the colored contour lines
shows the different interesting regions. The red line indicates where the highest
values are, the blue line show where the lowest values are, the orange line shows
values that are close to the threshold shown by the black line and green region
shows where the change in field is high.

In this example, we pretend that we have knowledge of the whole field;
in reality, this is never the case. Therefore, one needs to assess the value of
sampling certain regions before the region is sampled, conditional on the values
observed beforehand. The conditional model, as shown in Eq. (3.5), can be
used to examine several sampling designs, and then we can use an acquisition
function to determine what the best path is. Further in this chapter, we will
show different acquisition functions that work for sampling different types of
interesting regions.

4.2.1 Finding maximum values

One possible objective is to determine the maximum value of the field. To this
end, we first focus on the value at a single point, denoted by x(s). Under the
assumption of a GRF, the conditional distribution of the unobserved variable
can be expressed as

x(s) ∼ N (m, v2). (4.2)
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Fig. 4.3: Colored regions for the different interesting regions for the same field.
a) 90th percentile field values, b) 10th percentile field values, c) where the field
changes the most, and d) locations with field value closest to a threshold t.

With the goal of finding the maximum value in the field, we consider what the
value of observing this location is. This obvious idea is to assign the value
based on the predicted mean m. When considering multiple locations, the
location with the highest mean is considered the best; we call this the maximum
mean. This can work; the key weakness is that it can get stuck in local maxima
and not explore potential new values. For the sake of illustration, we take
another approach by going for the location with the highest uncertainty v. While
this acquisition function does not target the maximum value, it does enable
exploration and, therefore, can accidentally find the best value when exploring
the field. A better acquisition function would target both where the predicted
mean is high and explore the field. For this purpose, we use probability of
improvement (PoI) and expected improvement (EI).

Probability of Improvement

Here we can define the improvement function I(·). This is defined as how much
larger a new observation is compared with the best value observed before xmax.
This can then be written as

I(x(s)) = max[0, x(s)− xmax]. (4.3)
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An observation is then valued if it improves on the previous best observation.
An acquisition function can be defined as the probability that the improvement
function is positive, this is then defined as

PoI(x(s)) = P (x(s) ≥ xmax) = Φ

(
m− xmax

v

)
. (4.4)

Her Φ is the cumulative density function for the standard normal distribution.
This does not take the magnitude of the improvement into account, just the
probability of observing it.

Expected Improvement

EI is the expectation of the improvement function. Where the expectation is
high, there is a good chance of observing a value that is better than we have
observed before. EI is defined as

EI(x(s)) = E[I(x(s))] =

∫ ∞

−∞
I(x) · π(x;m, v2)dx, (4.5)

where π(x;m, v2) is the probability density function for a normal distribution
with mean m and variance v2. We can define z = (x − m)/v ∼ N (0, 1) as
the standard normal distribution, with the corresponding probability density
function ϕ(z). Then exchanging variables results in

∫ ∞

−∞
I(zv +m− xmax) · ϕ(z)dz =

∫ (xmax−m)/v

−∞
I(zv +m− xmax) · ϕ(z)dz︸ ︷︷ ︸

=0

+

∫ ∞

(xmax−m)/v

I(zv +m− xmax) · ϕ(z)dz

=

∫ ∞

(xmax−m)/v

(zv +m− xmax) · ϕ(z)dz

= v

∫ ∞

(xmax−m)/v

z · ϕ(z)dz

+ (m− xmax)

∫ ∞

(xmax−m)/v

ϕ(z)dz︸ ︷︷ ︸
=Φ((m−xmax)/v)

.

The next trick depends on the fact that for a standard normal distribution
d/dz ϕ(z) = z · ϕ(z), therefore∫ ∞

(xmax−m)
v

z · ϕ(z)dz = lim
c→∞

[ϕ(z)]
c
(xmax−m)

v
= 0− ϕ

(
xmax −m

v

)
. (4.6)

When we put this together and let Φ(z) denote the cumulative density function
of a standard normal, the EI can be written as
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EI(x) = (m− xmax) · Φ
(
m− xmax

v

)
+ v · ϕ

(
xmax −m

v

)
. (4.7)

To illustrate the benefits of the 4 acquisition functions, we take one example
where the previous best observation is xmax = 1, and then we want to evaluate
the value of observing a predicted variable x ∼ N (m, v2). In Fig. 4.4, we see the
acquisition value for the four different acquisition functions: maximum mean,
max variance, PoI, and EI when we change the predicted mean m and predicted
variance v2. Firstly, we can look at the maximum predicted mean (Fig. 4.4 c);
here, the maximum value observed before does not matter, only the maximum
mean. The same applies to the variance in Fig. 4.4 d). The more interesting case
is to compare and contrast EI and PoI. For PoI (Fig. 4.4 b), we only care about
observing a value larger than xmax; therefore, the acquisition value increases
with the uncertainty v when m < xmax and increases with v when m > xmax.
This can be a good quality when x < xmax, it is better to look at an uncertain
value when the next value probably will not be an improvement. However,
when x > xmax, this can be less than optimal; here, PoI prefers a certain small
increase over an uncertain and potentially large increase. This changes with EI
(Fig. 4.4 a); for values m > xmax, EI prefers values with a higher uncertainty.
This means that when looking for the maximum value of a GRF, EI will value
exploration more than PoI.

Fig. 4.4: Different acquisition functions for finding the maximum value. The
bright yellow are considered the most valuable locations.
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This can be illustrated a bit more with an example. In this example, we
consider a 1D field x(s) defined on s ∈ D = (0, 1000). We include 5 noisy
observations and then compute the posterior mean and variance. The results
are shown in Fig. 4.5 a). In the lower part of the figure (Fig. 4.5 b)), we can see a
normalized acquisition value for the four functions based on the posterior mean
and variance. The maximum variance gives the highest utility to the location
with the highest uncertainty. Maximum mean and PoI are very similar; however,
PoI favors the location with lower uncertainty a bit more. EI values the location
close to the highest mean, but with more uncertainty.

Fig. 4.5: a) Simulated field, observations and posterior field. b) shows the
acquisition functions based on the posterior distribution.

This static example can be expanded into a small experiment where the ac-
quisition functions are used iteratively to find the highest value of the field. This
is done in a loop where we observe the value in the field with the highest utility,
then we add the data point to the model and find the next best point to ob-
serve. This experiment is done 100 times with 10 iterations for each acquisition
function. The result of this illustrative example can be seen in Fig. 4.6. The
left plot shows one example for illustration; here we see the posterior mean for
each of the acquisition functions, the points they observed, and the maximum
value and location where it was observed. While each acquisition function did
find a high value, the maximum mean acquisition function does get stuck. And
while both EI and PoI did find the best value in the field, the points for EI are
a bit more spread out. If we take a look at the right plot, we can see how the
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four functions perform on average over 100 experiments. Here, it is clear that
EI finds the highest values and finds them the quickest; As discussed earlier,
maximum mean does better than maximum variance initially, but maximum
variance overtakes it with more iterations. This is because maximum mean gets
stuck in local maxima. Although the primary objective is to locate the maxi-

Fig. 4.6: Iterative simulation to find the highest value in the field. a) Example
for one of the fields with 4 different acquisition functions. The dots shows
which locations where samples and the lines are the posterior means, the true
realizations is also shown. b) Mean normalized maximum value achieved at each
iteration for different acquisition algorithms.

mum, one can also assess how accurately the field is approximated by computing
the mean squared error (MSE) over 100 points in the field. Using the maximum
mean criterion yields MSE = 2.26, maximum variance gives MSE = 0.09, PoI
results in MSE = 1.41, and EI leads to MSE = 0.73. Thus, the maximum vari-
ance strategy provides the best approximation of the field, with EI as the next
best. This simply serves to illustrate that different criteria emphasize different
characteristics of the algorithm.

This little experiment aims to highlight some of the strengths of using EI
as an acquisition function. This experiment also works as a primer for the
full adaptive sampling strategies, which will be explained in more detail later,
because in real cases, the agent cannot just sample any point in the field.

4.2.2 Classifying water-masses

In Section 2.1.1 the concept of an ocean front was discussed. That is, two water-
masses that are differentiated based on some variable; a simulated front could
be the orange region in Fig. 4.2. To separate the water-masses, we can define a
threshold t and then aim to classify locations as above or below the threshold.
Then we can define the excursion sets for the field as

ES = {s ∈ D : x(s) ≤ t}. (4.8)
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Repeating the example in Fig. 3.4, we can use it to define the prior excursion
set, true excursion set, and posterior excursion set; this is shown in Fig. 4.7. The
plot on the left shows the prior excursion set, the plot in the middle shows the
true excursion set, and the plot on the right shows the posterior excursion set.
The posterior excursion set is more accurate than the prior near where the AUV
has sampled. In addition, we can look at the misclassifications set in Fig. 4.8.
The left plot is the prior misclassification field, the right is the posterior, and the
last plot shows where the classes changed. After sampling, the misclassification
percentage is reduced, and importantly, the class changes happen close to where
the AUV is sampling and the initial classification was wrong. The agent should
sample where the potential to change the ES the highest.

Fig. 4.7: a) Excursion set for the prior mean, b) Excursion set for the true
field and c) Posterior excursion set.

Fig. 4.8: a) the prior misclassifications field, b) the posterior classification
field, and c) where the classification has changed. The misclassifications rate
reduces after several locations are observed, and the misclassifications improves
the most close to the observed locations.

Using the conditional mean and variance, we can assign the probability that
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a location s is in the excursion set, which is then defined as

P (x(s) ∈ ES) = P (x(s) ≤ t) = ps = Φ

(
t−m

v

)
. (4.9)

Here, the mean and variance are conditional on the previous observations’ loca-
tions S, but the notation is simplified to make it easier to read.

The more interesting locations are those where the probability is closer to 0.5
or where we are most uncertain about the classification. The Bernoulli variance
is defined as BV(s) = ps(1−ps), and it is highest where the probability is equal
to 0.5. This can be used to indicate the uncertainty for accurately classifying
the field by integrating over all locations. This is called the integrated Bernoulli
variance (IBV) and is defined as

IBV =

∫
D
ps(1− ps)ds. (4.10)

In practice, this will be computed discretely on a grid in the field G ⊂ D.

IBVG ≈
∑
s∈G

ps(1− ps)ds. (4.11)

The largest contributions to the IBV will come from the location where the
BV is large, and a sampling strategy to reduce the IBV would improve the
misclassification rate. In a sequential sampling design, we have observed the
locations S, and then we can choose between sampling different paths P =
(P1,P2, . . . ,PN ). To reduce the IBV we choose the path that minimizes the
expected integrated Bernoulli variance (EIBV) (Chevalier et al., 2014). The
EIBV for a path Pj can be defined as

EIBV(Pj) = E

[∫
D
BV(s;Pj)ds

]
. (4.12)

The expectation and integral can be exchanged , then we get the EBV for a
point s given that we sample a path Pj as

EBVPj
(s) = Φ2

([
t
−t

]
;

[
m(s)
−m(s)

]
,WPj

(s)

)
, (4.13)

where Φ2 is the bi-variate Gaussian cumulative density function, and m(s) is
the posterior mean after sampling S. The covariance matrix in the cumulative
density function can be written as

WPj
(s) =

[
V s|S V s|S − V s|(S,Pj)

V s|S − V s|(S,Pj) V s|S

]
, (4.14)

where V s|S is the conditional variance for x(s) after sampling the locations S
from Eq. (3.5). V s|(S,Pj) is the conditional variance for x(s) after sampling the
locations S and the proposed path Pj . Note that the conditional variances are
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not dependent on the data. Then, to approximate the EIBV, we compute the
EBV for different locations in the field s ∈ G as

EIBV(Pj) ≈
∑
s∈G

EBVPj (s). (4.15)

We can illustrate how this looks with the example in Fig. 3.4. Consider that
the AUV has already sampled the red dashed line, and now one can add one
measurement anywhere in the field. In Fig. 4.9, the EIBV for the field is shown.
The red line is the AUV path, the solid green line is the posterior threshold,
and the dashed green line is the true threshold. The EIBV is lowest close to the
posterior threshold and far from the AUV path, where the uncertainty is high.
The best point to observe here, according to the EIBV, would be the dark red
area.
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Fig. 4.9: The EIBV of the field. The red dashed line is the agents path, the
green solid line is the posterior threshold, the green dashed line is the true
threshold.

Here, the EIBV is illustrated for a 2D univariate field; this can be expanded
to a 3D field, as in Ge et al. (2023), or with temporal effects Ge et al. (2025),
or a bivariate field with two thresholds Fossum et al. (2021a).
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4.2.3 Sampling high gradients

When working with ocean fronts, classifying something as above or below a
certain threshold is a valuable approach, but it does have some weaknesses,
especially if the threshold is not chosen properly. Another way to look at the
fronts is to examine where the change in the field is large; therefore, we would
like to use an acquisition function that enables sampling large gradients. Here
we can define the directional gradient between two locations in the field as

g(si, sj) =
x(si)− x(sj)

d(si, sj)
, (4.16)

where d(si, sj) is defined as the lateral distance between two points. The dis-
tribution of the directional gradient g(si, sj) then becomes

g(si, sj) ∼ N (ζi,j , ηi,j) , (4.17)

ζi,j =
µ(si)− µ(sj)

d(si, sj)
,

ηi,j =
1

d(si, sj)2
(C(si, si) + C(sj , sj)− 2C(si, sj)).

For slightly simpler notation later in the text, we refer to g ∼ N (η, ζ).
With the goal of making the AUV sample large gradients, we need an acqui-

sition function to evaluate what makes a potential design good to sample. Here
we can reuse many of the ideas from the sampling of large values; the main dif-
ference here is that with directional gradients, both large positive and negative
values are good. Looking for large absolute gradients or locations with large
uncertainty is still a good baseline strategy. If we want to use better acquisition
functions like PoI and EI, we need to make a few modifications. Firstly, we need
to make some changes to the improvement function I(·) in Eq. (4.3); instead of
just looking at the largest value observed before, we look at the largest absolute
directional gradient observed g∗. The new improvement function becomes

I(g) = max(|g| − g∗, 0). (4.18)

To derive the equations for PoI we only need to change the limits to the integral
a bit

PoI(g) = P (g ≥ g∗ ∪ g ≤ −g∗) = Φ

(
ζ − g∗

η

)
+Φ

(
−ζ − g∗

η

)
. (4.19)

A similar approach works for EI, this can be written as

EI(g) = E[I(g)] =

∫ ∞

−∞
I(g) · π(g; η, ζ2)dg, (4.20)
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where π(g; η, ζ2) is the probability density function for a normal distribution
with mean η and variance ζ2. The integral can be decomposed into three sepa-
rate regions

EI(g) =

∫ −g∗

−∞
I(g)π(g) dg +

∫ g∗

−g∗
I(g)π(g) dg︸ ︷︷ ︸

=0

+

∫ ∞

g∗
I(g)π(g) dg. (4.21)

By following the same derivation steps used to obtain Eq. (4.7), the EI for the
directional gradients is given by

EI(g) = (ζ − g∗)

(
1− Φ

(
g − ζ

η

))
+ η ϕ

(
g∗ − ζ

η

)
+ (−ζ − g∗) Φ

(
−g∗ − ζ

η

)
+ η ϕ

(
−g∗ − ζ

η

)
. (4.22)

This can be used as an acquisition function to guide the agent towards large
lateral gradients. Similarly to the small example shown in Fig. 4.6 using EI
often balances exploration and exploitation quite well.

4.3 Path planning

Path planning is an important field of robotics research. This encompasses
many branches and is widely researched regarding AUVs (Zeng et al., 2015).
Some focus on the act of going from point A to point B on a local scale; that
is, controlling actuators and propellers while monitoring the positioning to get
to the desired location. Others look at larger scales, trying to find paths that
navigate obstacles or find the most energy efficient approaches (Tsardoulias
et al., 2016). Often, the vehicles are not alone; this can lead to path planning
that avoids collisions (Vagale et al., 2021) or other risks (Bremnes et al., 2024), or
it can be a more cooperative approach between autonomous vehicles (Wu et al.,
2025). The type of path planning we are mainly interested in is informative path
planning, that is finding the path that potentially gives the most information,
the idea is roughly explained in Eq. (4.1). Now we will go into more detail on
how to design these paths and how they should be evaluated.

The simplest approach is to use a myopic strategy or a greedy strategy. This
approach evaluates a list of paths, samples the best path, and repeats. This
approach only looks at alternative paths close to the vehicle. In this simple
approach, we do have to take the maneuverability of the vehicle into account
and make some choices about how many paths should be considered and their
length. Increasing the number of paths gives more options to optimize, but at
the cost of computation; however, that is usually not a big problem in the myopic
approach. The choice of how long the paths should be can affect how reactive the
agent is; with smaller steps, the agent can quickly react to changes, but it does
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not look very far ahead. An illustration of different path planning methods can
be found in Fig. 4.10; in the top left, we can see the myopic path planning. To
improve myopic path planning, we can employ a strategy by linearly extending
the paths evaluated, but only traveling a part of it before re-evaluating the path.
This can be called a look-ahead strategy. This is illustrated in Fig. 4.10 b). A
look-ahead enables the agent to look a bit further ahead without many of the
computational challenges that come from non-myopic path planning.

The topic of non-myopic planning involves planning and evaluating multiple
steps into the future and constantly reevaluating the plan. There are several rea-
sons why one might want to implement such a strategy. Sometimes, focusing on
short term goals comes at the cost of long term rewards, resulting in unbalanced
sampling or even missing important locations entirely. There are also several
non-informative reasons to use long term path planning. When navigating ob-
stacles or more complex environments while gathering valuable information,
non-myopic path-planning can be valuable. Lastly, the survey might include
several prescriptive goals that need to be accomplished. This could include a
specific location and time (Ge et al., 2025), surveying several intermittent goal
locations (Janoš et al., 2021), or following a moving target (Pinto et al., 2013).
Furthermore, we will look at some non-myopic algorithms and approaches.

Firstly, a non-myopic strategy can be the same as running a myopic strat-
egy but with a multi-step search. We write a multi-step path as P j =
(Pj1 ,Pj2 . . . ,Pjk), then we can choose the best multi-step path according to
the acquisition function f(·) as

P ∗ = argmax
P j∈P

f(P j). (4.23)

When the best k-step path is chosen, the agent moves along the first part of the
path P∗

j1
. We can see that the number of paths can easily explode. Imagine that

at each step, an agent can choose 8 lateral directions and 3 in depth, with a total
of 24 paths. If we plan 3 steps deep, this results in 13824 different paths and
can be infeasible to compute. This is also made harder because the information
value from path segments cannot be considered independent. Tricks might have
to be employed to reduce the number of paths evaluated. However, with a low
k, this approach is still very local and can, in some cases, struggle to beat the
myopic strategy (Fossum et al., 2021b).

One of the supposed issues with the myopic strategy is that it does not
necessarily move towards the global best point but focuses on local goals. To
do this, instead of evaluating the paths, we can find the best location to sample

s∗ = argmax
sj∈SG

f(sj),

and then find a path from the current location a to this goal. We write a
feasible path from a to s∗ as a path consisting of several segments P (a, s∗) =
(P1, . . .Pk), then find the shortest feasible path
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Fig. 4.10: Different scenarios for informative path planning. The grid is a
waypoint graph for the agent to move on, the green is the information field
where darker is more informative, the dark red path is the previous path, the
bright red best path found, bright green are suggested paths and the black blob
is an obstacle. a) myopic planning, b) look-ahead planning, c) global goal with
shortest path planning, d) global goal with an informative path. All agents
move to the first waypoint in the best path, and then revaluate.

P ∗
short(a, s

∗) = argmin
P (a,s∗)

∑
Pi∈P j

Cd(Pi), (4.24)
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where Cd is just the distance of a path segment. This method can be illustrated
in Fig. 4.10 c); here, the agent finds the shortest path to the end goal, but we can
see that this is not necessarily the most informative path. Finding the shortest
path in Eq. (4.24) is a well studied problem, and several algorithms can be used,
like A∗ (Kumawat et al., 2021). or a goal oriented rapidly exploring random
tree (RRT∗) (Noreen et al., 2016). Similar to the other approaches, we need
not go the full distance of the path, but rather just a part and then reevaluate.
An issue with this approach is that we do not compute the most informative
path. A short path is good for reaching the goal, but the agent might lose out
on paths that are a bit longer but much more informative.

To reduce the chance of missing important locations on the way, we can
introduce a path cost for going to uninformative locations. In Eq. (4.24) we
minimize the distance; however, we could include more terms in the cost of the
path instead. Therefore, we introduce an informative cost function CI(P). This
information cost can be based on one or several of the criteria discussed in Sec.
4.2 with some modifications so that informative locations correspond with a low
path cost. Thus, the full cost of the path will be

C(P) = Cd(P) + CI(P). (4.25)

We can further break the informative cost into several functions with associated
weights

CI(P) =
∑

CIi(P) · wi, (4.26)

where wi is the weight for the corresponding informative cost. This function can
be viewed as a cost valley, where it is cheaper to walk down in the informative
parts of the topography. Using this informative function, we can define the best
path to the goal location as

P ∗(a, s∗) = argmin
P (a,s∗)

∑
Pi∈P j

C(Pi). (4.27)

An illustration of this is shown in Fig. 4.10 d); here we see that the endpoint
of the path is at the global best location, but the path is not the shortest;
rather, it is a more informative path. This is clearly an idealized case, but it
illustrates how the agent can maneuver around obstacles towards a global goal
while gathering valuable samples.

Finding the optimal path can be infeasible, especially within a reasonable
time frame. However, a feasible path can be found. Effective algorithms will
therefore not find the best path but rather a good enough path given the avail-
able time. An implementation of this cost valley with a RRT∗ path planner can
be found in Ge et al. (2025). In this paper, obstacles are defined, an end point
is specified, and a fixed time to complete the sampling is established.

Lastly, there is the much more difficult problem of finding the most informa-
tive path. Here we consider an agent who has a certain budget B for a survey.
This involves solving the following equation
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P ∗ = argmax
P

f(P ), Cd(P ) ≤ B. (4.28)

Note that a path consists of several sub paths, but the information value of
each sub path is dependent on the others. With a dynamic field, this has to be
recomputed often and will quickly become very expensive.

In this section, several ways of suggesting paths for sampling are shown.
It seems that the main drawback of the non-myopic methods is the associated
computational cost, but this is not the full picture. The effectiveness of the
non-myopic path planners greatly depends on how well the model can predict
regions that are far away in space and time. If it cannot predict faraway regions
well, then planning toward those locations may not make a lot of sense and may
fail to outperform myopic methods; it could even perform worse. In addition,
some of the algorithms may not converge in a reasonable time, and the resulting
paths may be suboptimal.
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Chapter 5

Experiments

‘I forget, did you ever get any
essays done at all?’
‘Well, not as such. No actual
essays, but the reasons why not
were absolutely fascinating. For
instance, I discovered that...’

Douglas Adams
Dirk Gently’s Holistic Detective

Agency

In the previous chapter, we discussed what could be considered valuable
to sample, how to generate paths, and how to evaluate what the best path
is. For each problem, there are several parameters, acquisition functions, and
algorithms to test. So, this section will include some discussion on how these
algorithms are evaluated and then implemented for a field experiment.

5.1 Simulation study

Before we even go into the ocean, we need to decide which algorithms to fly.
Usually, there is a limited number of hours allocated in the field, but a nearly
unlimited number of hours of simulation time. In addition, we will never have
access to the ground truth in a real experiment, but in simulation, we have
access to a perfect ground truth. Therefore, most of the algorithm selection and
tuning takes place in simulation. The general setup for the simulation study is
to simulate a diverse set of fields. Then, for each field, test a set of algorithms
with different parameters and run some evaluations to see which performs the
best.
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Evaluation Metrics

Here we will list a number of metrics that can be valuable for different appli-
cations. For each metric, one can find the mean value and the variance. It can
also be valuable to investigate the worst case scenarios or the agents in the fifth
percentile. For some algorithms, the average performance might be good, but
there is a significant chance of poor performance. These metrics will usually
also be computed for different time steps in the simulation, thus evaluating how
they evolve with time. To properly evaluate different algorithms, a range of
evaluation metrics should be used and contrasted.

Here we denote xsim(s) as the true value in the field, m(s|yS) is the estimate
of x conditional on the observations yS . The first metric is just the mean squared
error (MSE) over the field SG

MSE =
1

NG

∑
s∈SG

(xsim(s)−m(s|yS))
2. (5.1)

The goal of this metric is to evaluate how well the agents learn the field. In
many cases, we are only interested in specific parts of the field. Then, one can
consider a targeted version of the MSE; for example, if we care about finding
the largest value in the field, we might only compute the MSE for field values
above a threshold xsim(s) > t. Other similar targeted MSEs can be calculated
for the threshold and large gradients. The second is related to the uncertainty
of the field. The mean variance (MV) can be written as

MV =
1

NG

∑
s∈SG

v(s|yS). (5.2)

Similarly to MSE, targeted versions can be applied for high values or values
close to a threshold.

These are some of the more general metrics, but for each application, more
specific metrics can be used. For example, when finding the boundary, a mis-
classification error can be computed, this can be seen in Fig. 4.8. When looking
for the highest value, it can be shown at each time, similar to what is shown in
Fig. 4.5. Each evaluation metric should evaluate whether the agent achieves an
aspect of the overall goal.

Although simulation is extremely useful and, in practice, the only way to
perform a sufficient amount of testing, there will always be a substantial gap
between simulated conditions and the real world. One key discrepancy concerns
how the agent moves in relation to the ocean. Currents, trim, and other en-
vironmental factors can cause the agent’s motion to deviate from the desired
path. Furthermore, underwater vehicles rely on an estimated position, and after
spending an extended period submerged, this estimate can become inaccurate,
potentially causing problems for the model. The simulated field will also differ
greatly from the true field. This difference can, in some cases, lead to incorrect
conclusions about the best algorithms. Lastly, and perhaps the most difficult
hurdle, is that several of the adaptive algorithms react to the field, sometimes
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with some randomness. This means that there is usually no assurance that
an adaptive algorithm will perform better than a prescriptive algorithm un-
der every circumstance. Furthermore, with unforeseen conditions and incorrect
setups, the agent might not behave as expected based on the simulation study.

5.2 Field experiment

A simulation can never replace a field experiment; after all, the field experiment
is the whole point. This section goes through the field experiments that were
conducted for this thesis. It should be noted that not every experiment was
a publishable success, but each trial was a learning experience. Many of the
lessons were probably obvious to people who have spent some time in the field,
but for someone on the more theoretical side, they were very valuable. In
addition, they can be motivating for the work and foster collaboration.

There is a considerable gap between a sampling strategy that works in sim-
ulation and one that works in the field. Building up from a simulation to a field
experiment needs to be done carefully. In addition to the informative parts of
the agent, we also need safety measures, logic for communication, how robust
the system is, and how easy it is to debug. These need to be implemented;
often, things go wrong in unforeseen ways, and then the logs need to be detailed
enough to retrace the issue and solve it. It is also important to test as closely
to real conditions as possible, and often a simulation mode is added to vehicles
that simulates the dynamics of the vehicle. In this mode, communication be-
tween systems and algorithm logic can be tested without leaving the lab. This
does not reveal every issue.

Early on in our work, we found that when we launched a process from a
laptop and then the vehicle lost contact with the laptop, it would eventually
interrupt the process and stop it. This happened once, of course, on the last
possible day of testing in Porto, where previous days had been lost to bad
weather, so we returned home with no publishable results. The fix was very
easy, but the issue was not revealed in the simulation and was tricky to figure
out with the limited time in the field. We were able to replicate the issue in the
lab. and then disconnecting the vehicle from the laptops (and WiFi) became
part of the testing procedure. This is just one such story, but there are many
similar ones. Some of the issues encountered were very familiar to people who
have worked on such systems, such as the one mentioned, and some were very
specific quirks associated with the vehicles with which we worked. These are
things you only learn when leaving the comforts of the office.

We cannot always determine the effectiveness of an algorithm through a
field experiment. With the setup of running a simulation study to choose the
best algorithm and then using it in the field, we still have issues evaluating the
best algorithm for the field. A simulation study can show clear benefits and
drawbacks to different sampling strategies for different scenarios; however, this
is not available in the field, and we have to assume that properties from the
simulation carry over to the field. The inherent randomness also means that
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adaptive strategies might not be strictly better than non-adaptive strategies, but
rather better on average. This does mean that it can be hard for researchers to
rely on adaptive algorithms. In addition, the sampling paths of the agents can be
more difficult to explain. When there is no ground truth, it is hard to conclude
that the chosen paths were the optimal choice. Over time, one can run adaptive
and pre-scripted plans in parallel and then contrast the results. Eventually,
patterns will emerge, but usually, the resources to do this are not available.
There are other reasons why one might prefer adaptive strategies; with larger
and more complex operations, where the number of agents outnumbers the
human operators, pre-scripted plans are infeasible. In addition, if the durations
of the missions are long enough and without human intervention for a long time,
then more autonomy needs to be utilized. Developing data driven sampling
strategies is a vital part of this autonomy.

5.3 Experiments timeline

During the work on this thesis, several field experiments were conducted. The
timeline for this is shown in Tab. 5.1. This table shows the location, time,
a small description, and the associated paper. The experiments included in
this thesis are usually part of larger field tests, but only the relevant parts are
described here. The experiments for Papers A and C are associated with the
MASCOT project, while Papers B and D are associated with the HARVEST
project.
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Paper Location Year Month Description

- Porto 2021 Oct.
Deployment in the Douro river. Using
a 3D adaptive model to investigate the
river plume

C∗ Trondheim 2022 May

Using AUV to explore Nidelva river
plume. Testing 2D Long-Horizon in-
formative path planning for finding and
classifying river water masses. Due to a
bug, the AUV stope every 15 min, and
had to be found and restarted. The
mission finished, but due to the con-
stant stopping and subsequent drifting
the results were not usable.

- Porto 2022 Oct.

Long-Horizon path planning in Douro
river, similar to Nidelva a few months
before. Due to bad weather (fog, large
waves and wind), something called ”fish
attack” and short time in the field, the
adaptive missions were very short and
not usable. These experiments were re-
done remotely at a later date.

C Trondheim 2022 Sep.
Successfully running the Long-Horizon
informative path planning from A to B.

A Trondheim 2023 Jun.

Using AUV to find large salinity gradi-
ents in the Nidelva river. The mission
was successful, but during another mis-
sion the AUV was lost. It was found 4
days later and 40 km away from where
it was lost.

B Mausund 2024 Jun.

Beyond-the-horizon experiments with
several autonomous platforms, the ma-
jority of the scientific staff was in a con-
trol room 100 km away remotely con-
trolling the vehicles. As a part of this
campaign an adaptive algorithms for
finding large chl a values was tested.

A Trondheim 2024 Sep. Replicate experiment for Paper A.

D Mausund 2025 May

Second run of the beyond-the-horizion
experiments in Mausund. As a part
of this the goal was to fuse and com-
pare sensor data from different sensors
and platforms. In addition adaptive
sampling using the particle camera was
tested, but not successful.

Table 5.1: Overview of the field deployments during. The star marks means
that we only got a partial result and could not be published.
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Chapter 6

Paper overview

6.1 Paper A

Using expected improvement of gradients for robotic exploration of
ocean salinity fronts

André Julius Hovd Olaisen, Jo Eidsvik, Yaolin Ge

Published in Environmetrics, Volume 36, issue 6, 14pp , 2025 (Olaisen et al.,
2025)

This work has been presented in the 22nd Annual Conference of the
International Association for Mathematical Geosciences, 2023, and in the 21st

Norwegian Statisticians Meeting, 2024.

Summary: The aim of this study is to detect and sample large lateral
salinity gradients in a river plume using an AUV. The salinity field in the river
plume is modeled as a spatio-temporal GRF, which implies that the directional
gradients are Gaussian distributed as well. To enable real-time data assimi-
lation and fast onboard predictions, we use a grid-free model, efficient matrix
factorization techniques, and spatio-temporal thinning of observations that are
far away from the current location. The sequential sampling design is based
on proposing new sampling paths with a spider-leg shape. EI for the salinity
gradients is used as an acquisition function to select the most informative paths.
The design is myopic, but each proposed path includes a look-ahead extension
beyond the portion that is actually sampled. Parameters in the sampling design
and acquisition functions are explored in a simulation study to compare perfor-
mance. In the simulated scenario, we test the ability to sample large gradients
and to identify different regions with large salinity changes. Here, EI works well
for finding large gradients and exploring potential new areas. Field experiments
were conducted in the river plume of the Nidelva River in the Trondheimsfjord
(June 2023 and September 2024). Each field experiment lasted approximately
2 hours and was successfully conducted without human intervention.

Key contributions:
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• EI for selecting paths that target large lateral salinity gradients.

• Efficient onboard data assimilation and prediction (matrix factorization
+ spatio-temporal thinning).

• A low-cost look-ahead extension that improves on a purely myopic planner.
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6.2 Paper B

Autonomous Underwater Vehicle Sampling for Hotspots in
Chlorophyll A

André Julius Hovd Olaisen, Jo Eidsvik

Under revision in Autonomous Robots

Preliminary results were presented at the 21st Norwegian Statisticians Meeting
in 2024

Summary: The goal of this project is to effectively find and map large
concentrations of phytoplankton in space and time. chl a is used as a proxy
for phytoplankton abundance throughout this work. The chl a field is modeled
using a spatio-temporal log-GRF, with a prior mean for the vertical distribu-
tion of chl a. The model is implemented using a grid-free sparse representation
and thinning of locations far away in space and time. The sampling algorithm
operates in two modes: when the AUV is at the surface, it suggests lateral di-
rections with endpoint goal locations; in the second mode, it moves toward the
end location and sequentially chooses depths to sample along the way. When
the AUV returns to the surface at the endpoint, it starts the process again.
The motivation for this design is to avoid unnecessary underwater turning. The
proposed paths are assessed using an acquisition function. The algorithm, to-
gether with several alternative acquisition functions, is evaluated in a simulation
study. Here, we test the acquisition functions’ ability to find and explore dif-
ferent hotspots, as well as their ability to identify the largest concentrations of
chl a. In simulation, EI scores well on both metrics compared with the other
acquisition functions tested. The sampling design was tested as part of a larger
campaign in Frohavet in 2024. The AUV ran the adaptive mission twice during
the campaign and found depths with the highest chl a. During these missions,
the AUV carried a particle camera enabling detection of zooplankton, along
with sensors such as salinity and temperature. Results from these other sensors
are also discussed in connection with each other.

Key contributions:

• EI-driven hotspot sampling for chl a with an AUV.

• A two-mode strategy (surface lateral planning + underwater depth selec-
tion) to reduce turning and onboard computation.

• Cross-sensor comparison of zooplankton counts (particle camera) with
other in situ sensors.

61



6.3 Paper C

RRT*-enhanced long-horizon path planning for AUV adaptive
sampling using a cost valley

Yaolin Ge, Jo Eidsvik, André Julius Hovd Olaisen

Published in Knowledge-Based Systems, Volume 315:113261, 2025 (Ge et al.,
2025)

An earlier simulation based version of this paper was presented at the 14th
IFAC Conference on Control Applications in Marine Systems, Robotics, and

Vehicles CAMS 2022 (Ge et al., 2022)

Summary: We investigate long-horizon informative path planning for sam-
pling a river plume. Moving beyond a myopic planner is computationally de-
manding because it must anticipate future observations rather than react greed-
ily. Our approach first identifies the globally optimal sampling region in the field
and then constructs an informative trajectory to that region. This is achieved
by building a cost-valley, a weighted cost surface that steers the vehicle toward
highly informative locations. The cost surface combines two information cri-
teria: integrated variance reduction (IVR), which reduces uncertainty over the
entire field, and expected integrated Bernoulli variance (EIBV), which targets
uncertainty along the plume boundary. We evaluate several weightings of these
criteria. The cost-valley is explored using the RRT∗ algorithm. This is still
a relatively computationally expensive approach, and several tricks had to be
implemented to make it run in real-time. We assess the planner and various
weightings for the information criteria in the cost-valley in a simulation study
and compare the results with a greedy (myopic) planner. Performance metrics
include mean-squared error, IBV, and traffic-flow analysis. The long-horizon
planner yields marginally better results than the myopic baseline. Importantly,
the long-horizon planner can also satisfy additional mission constraints, such as
reaching a prescribed endpoint within a fixed time budget. The method was
validated in field experiments conducted in the Nidelva river plume (Trond-
heim fjord). The autonomous underwater vehicle successfully navigated from
the start location to the designated end location within the allotted 2.5 h while
sampling the plume.

Key contributions:

• The informative cost-valley formulation (multi-criterion weighting of IVR
and EIBV).

• An RRT∗-based implementation enabling non-myopic planning with real-
time constraints.

• Guaranteed satisfaction of mission constraints (arriving at a prescribed
endpoint at a prescribed time).
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6.4 Paper D

Spatio-temporal Calanus Mapping Using Different Vehicles and
Sensors in a Campaign off the Norwegian Coast

André Julius Hovd Olaisen, Ahmed Abdelgayed, Jo Eidsvik, Erik Liu,
Karoline Barstein, Martin Ludvigsen

This work has been presented internally in the research group and is not yet
submitted to any journals.

Summary: In this work, we investigate the use of heterogeneous au-
tonomous marine vehicles and different sensors to map the distribution of phy-
toplankton and zooplankton. The measurements were obtained during a field
campaign conducted during the spring bloom of zooplankton in late May 2025
in Frohavet. The campaign involved two different types of ASVs, two AUVs,
and data collected from a boat. The different vehicles rarely sampled the same
location at the same time, or, in the case of the AUVs, even at the same depth.
This makes it challenging to compare measurements from different vehicles and
sensors. We use different spatio-temporal models for the various sensor mea-
surements; in particular, we are interested in the upper and lower biomass
layers in the water column and the integrated biomass in these layers. These
water-column statistics are compared across platforms and sensor types. We
compare the zooplankton biomass estimates from the optical particle camera
on the AUVs, echo-sounder on the ASVs, and the phytoplankton biomass es-
timates from the chl a sensor on the AUVs. We find a correlation between
the zooplankton biomass estimates from the acoustic sensors on the ASV and
the biomass estimates derived from the optical particle sensors on the AUV.
This suggests that both types of sensors could be used to investigate zooplank-
ton in a similar way, despite the fact that the sensors operate very differently.
We also compare the phytoplankton biomass estimates from the chl a sensor
on the AUV with the different zooplankton biomass estimates from the AUV,
ASV, and the samples from the boat. In this case, we find no correlation or a
negative correlation across all platforms.

Key contributions:

• Cross-platform comparison of heterogeneous sensors/vehicles despite
sparse and asynchronous sampling.

• Sensor-specific spatio-temporal models, including a Poisson latent GRF
for optical zooplankton observations to generate depth profiles.

• Evidence of correlation between optical particle-camera biomass estimates
(AUV) and acoustic echo-sounder biomass estimates (ASV).
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Chapter 7

Conclusion and Further
Work

“What! you have solved it
already?” “Well, that would be
too much to say. I have
discovered a suggestive fact, that
is all.”

Sir Arthur Conan Doyle
The Sign of Four (Sherlock

Holmes)

7.1 Closing remarks

The main goal of the work has been to use statistical models together with data
driven path planning algorithms to improve the sampling design for autonomous
marine vehicles. The two primary phenomena investigated have been observing
ocean fronts in the form of river plumes and finding large biomasses of plankton.
The algorithms were tested in several simulation studies and, crucially, in field
experiments. This means that for each phenomenon, we have worked from the
demands of the problem and the limitations and strengths of the vehicle to build
adaptive agents that were successfully tested in the field. The key contributions
can be summed up as:

• Investigation of two key problems using autonomous marine vehicles; de-
tecting ocean fronts in the form of river plumes and finding high concen-
trations of both phytoplankton and zooplankton.

• Using GRFs to model different spatio-temporal fields, such as salinity
in river plumes, chlorophyll a using a log-normal GRF, and zooplankton
counts using a Poisson latent GRF. This provides practical ways to reduce
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computational costs while maintaining accurate predictions. Significant
effort has also been made to reduce the computational cost of the models,
such as efficient matrix factorization and spatio-temporal thinning.

• Exploring different acquisition functions for sequential sampling designs
for an autonomous agent in spatio-temporal fields. This includes EI for
directional salinity gradients and high densities of chl a, as well as EIBV
for salinity thresholds.

• Incorporating the acquisition functions into informative path planning.
This includes myopic path planning, myopic planning with a look-ahead,
and non-myopic planning using RRT∗.

• Testing the intelligent agents through different simulation studies and us-
ing different metrics to select the agents with the best characteristics.

• Implemented and tested algorithms on AUVs in several successful field
experiments.

• Comparing different types of sensors from different vehicle types for the
biomass of phytoplankton and zooplankton.

7.2 Further work

There are some direct improvements that could strengthen the field experi-
ments demonstrated here. Due to different circumstances, several of the field
experiments are on the shorter side and have few repeats. To demonstrate
the improvements in autonomy, field experiments should last for many hours
without human intervention, which would increase the confidence for truly au-
tonomous agents. Increasing the number of repeats would also help validate the
algorithms.

Another concrete improvement is to better account for the positional error
accumulated by agents while submerged. When vehicles are submerged and
lose GPS connection, they must rely on estimates for their current position.
Several practical approaches can be used to better approximate the position.
Acoustic sensors can be used for self-localization (Miller et al., 2018), or they
can be used to range platforms that have a known location (Kussat et al., 2005).
After the AUV surfaces and acquires a GPS fix, the estimated positions can be
re-estimated using Kalman filters. This can be further improved by utilizing
the ocean current field. These methods will only reduce the uncertainty in
positioning, so a further improvement would be to properly utilize uncertain
locations in the models. A computationally intensive approach is to use Monte
Carlo samples for the observed path to estimate the conditional field.

Statistical models have been well studied and applied to spatial fields, some
strengths and weaknesses have been discussed here. There are several data
driven machine learning models that can be applied (Sonnewald et al., 2021; Lou
et al., 2023); these include support vector machines (SVM) (Lins et al., 2013),
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convolutional neural networks (CNNs) , LSTMs (Long-short-term memory) (Liu
et al., 2018), and spatio-temporal decision trees (Wu et al., 2024). Another
possibility is to use hybrid approaches that combine physics informed models
and data driven models (Willard et al., 2020). In general, a more thorough
comparison of different possible models could be valuable. Several promising
models might not work in cases where the data is too limited.

There is still the issue of validating the algorithms with field experiments.
This comes down to two issues; there is no ground truth available in the field,
and running comparisons between algorithms requires several agents to be run
at the same time over several replicates, this is usually not feasible. Efforts
can be made to establish a ground truth; for example, UAVs can be driven in
a lawnmower pattern, and because they use an optical sensor and move faster
than ocean going platforms, they can collect data for a larger field more quickly.
This will not be a true comparison because the optical sensor will not easily
observe the field in the same way as the in-situ sensors. There are several other
possibilities for establishing a ground truth, but it will probably come down to
doubling up the sampling efforts. This might be the wrong direction because it
is an inefficient use of resources. Another approach is to not use more vehicles
but rather to employ switch behavior between sampling strategies. Some work
is required to determine if this is a feasible way to compare algorithms, but it
is an avenue of research.

There are complex interactions between the physical and biochemical prop-
erties of the ocean, and vehicles are often equipped with several different sensors.
With a limited amount of resources, the sampling design could benefit from a
multi-variate approach. This comes in the form of multivariate modeling and/or
multi-objective surveys. Multivariate modeling can still be done with GRFs
(Ver Hoef and Cressie, 1993), but a range of other models can be used, such
as GMRFs (Kreuzer and Solowjow, 2018) or an array of machine learning tech-
niques (Nikparvar and Thill, 2021). There are many opportunities to improve
onboard modeling, considering that computers are only getting faster. There
have been efforts made using variants of multi-objective acquisition functions;
for example, Fossum et al. (2021b) focused on joint excursion sets for salinity and
temperature. Another approach exemplified by Ge et al. (2025) (C ) combines
two objective functions for a univariate model through a linear combination
with different weights, this method is often called weighted-sum scalarization.
Similar approaches can be tested for different problems, but there are other
methods that would be interesting. One promising method is to use Pareto
fronts between the different objective functions; the volume inside the Pareto
front is often called the hypervolume, and one can create sampling designs that
increase this hypervolume (Kristensen et al., 2016).

One need not be limited to running adaptive algorithms for just one vehicle
at a time. One can increase sampling efficiency by either increasing the number
of similar vehicles in a homogeneous multi-robot system, which is often also
called swarm robotics (Brambilla et al., 2013; Schranz et al., 2020), or by using
different vehicles with different sensors in a heterogeneous multi-robot system
(Rizk et al., 2019). In a homogeneous system, all the robots are more or less the
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same; therefore, the issue often revolves around information sharing, which is
especially difficult for AUVs, as well as task sharing and division, or running in
joint formations. For a heterogeneous fleet, many of the same problems apply,
but there are some additional aspects to consider. The sensors are different; they
can measure different things or the same things but with different methods. The
different robots might also have varying operating speeds, ranges, and possible
modes of communication. Thus, each such case is unique, with many different
options.
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Abstract

We develop, test, and deploy a sampling design strategy that enables an autonomous underwater
vehicle (AUV) to explore and detect large gradients in spatio-temporal random fields. Our approach
models the field using a Gaussian random field, which means that the directional derivatives of the
field are Gaussian distributed. Leveraging fast matrix factorization and data thinning techniques,
we obtain real-time data assimilation and design evaluation onboard the AUV. At each stage in the
dynamic framework, possible design transects are formed based on a spider-leg search space pattern,
and the agent chooses the optimal design for the next stage. The design criterion used is based on
expected improvement (EI) in directional derivatives. This means that we compute the expected
value of observing a larger derivative than what has been seen already. EI is among the most popular
acquisition functions in Bayesian optimization. To evaluate the effectiveness of this approach, we
conduct a simulation study comparing EI with alternative selection criteria. Our algorithm was
embedded on an AUV which was deployed for characterizing a river plume frontal system in a
Norwegian fjord. Using EI in the salinity field derivatives, the vehicle successfully sampled the fjord
for approximately two hours without human intervention in two separate field experiments.
Keywords: Expected improvement; Gaussian Random Field; Spatial derivatives; Spatial design;
Robotics; Oceanography
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1 Introduction

With advances in sensor technology and embedded computing, there is a drive to develop intelligent
systems for monitoring dynamic environmental processes. Recent examples include internet-of-things
for smart sensor networks measuring air pollution (Dhingra et al., 2019), embedded systems and AI
for agriculture (Shadrin et al., 2019), robotic systems for understanding environmental variability
(Dunbabin and Marques, 2012) and cyber-physical systems for ecological monitoring (Schranz et al.,
2021).

Motivated by challenges in underwater robotics, our focus is on developing algorithms for an
autonomous underwater vehicle (AUV) to dynamically explore and detect ocean fronts. Frontal
systems are important in meteorology and oceanography as they tend to be key drivers of the
physical systems, see e.g. Fedorov (1986) and Catto and Pfahl (2013). Frontal zones in the ocean
are further known to be biological hot-spots that shape parts of the marine ecosystem (Belkin et al.,
2009). These fronts are by nature always changing. Hence, for a robotic agent to be able to monitor
them, they need to be able to make intelligent decisions based on real-time measurements. In this
paper, we explore ocean fronts arising from fresh river water meeting the saline ocean water, this
is called a river plume front. The spatio-temporal variable of interest is then ocean salinity and its
derivatives which capture the characteristics of the river plume.

Ocean fronts have been described by numerical ocean models (Lermusiaux, 2006) and satellite
data (Hopkins et al., 2010). However, these have limitations: Numerical models are often biased
from initial values or boundary conditions in the partial differential equations. Satellite data are
sparse in time, only on the ocean surface and not available on a cloudy day. AUVs have become
an important tool for oceanographic in-situ sampling, and they hence provide new opportunities
for detecting and understanding ocean fronts. AUVs can navigate underwater and carry a range of
sensors such as a salinity sensor. With capabilities for onboard computing, the AUV can react to
data and even assimilate data in a model. This again facilitates real-time intelligent operations, with
optimal sampling design decisions being made on-the-fly. Only then can one get the optimal benefits
of AUV deployments, which are otherwise hampered by the limited underwater communication
opportunities.

The capabilities of such embedded systems can be improved by leveraging knowledge from spatio-
temporal statistics and design of experiments Wang et al. (2012, 2020); Brus (2022). In doing so,
one can develop more principled approaches for what, where and when to gather additional data
samples, and integrate this new information in a consistent statistical modeling framework. Recent
studies in spatial design for environmental applications include that of Low et al. (2024) who used an
integrated prediction variance design criterion for groundwater monitoring, Koski and Eidsvik (2024)
used value of information analysis to select lake monitoring sites, and Prentius and Grafström (2024)
who considered new spatial balancing measures in designs. The optimal design in such situations is
often only available via heuristic search solutions. Also, the design criteria and suggested solutions
tend to be case-specific.

Adaptive sampling design is often more optimal than conventional pre-scripted designs, see e.g.
the examples in Chao and Thompson (2001) and Thilan et al. (2023). Adaptive algorithms allow
the sampling design to be modified based on the data that have become available. With an AUV
exploring the ocean, it is also natural to focus on such adaptive or sequential designs because the
search is limited to the path chosen by the AUV, without opportunities for quickly moving the
AUV to a completely different location. Again, the criterion and method of choice for adaptive
designs often depend on the situation: Krause et al. (2008) studied sensor placement optimizing the
mutual information. Di Biase et al. (2024) used inclusion probabilities in an animal populations
characterization problem and Bonneau et al. (2014) used reinforcement learning to select sampling
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sites under cost constraints in an agricultural application. Other active learning-type criteria for
adaptive sampling include that of level sets characterization (Hitz et al., 2017; Bottarelli et al., 2019)
or minimizing the variance of excursion sets (Fossum et al., 2021; Foss et al., 2022).

Related sequential search problems are often employed in Bayesian optimization problems, e.g.
Garnett (2023). Expected improvement (EI) is then commonly used as a criterion for function
evaluation here.

The goal of this paper here is to develop, test and deploy design algorithms for efficient AUV
sampling of spatial derivatives. The AUV has a relatively small on-board computer, and for real-time
operation one must take care in the implementation. We embed a Gaussian random field (GRF)
model on-board the AUV. Leveraging effective matrix computations at the size of the data collected
during the current stage of the sampling scheme, we enable efficient data assimilation and design
computation. Our suggested scheme is based on maximizing the EI in directional derivatives over a
set of transects that form locally at each sampling stage.

The main contributions of this paper are

• A spatio-temporal sampling approach with a dynamic agent effectively exploring large deriva-
tives in the field.

• A fast scalable algorithm for updating and design choices based on GRFs and sparse observa-
tion points in the vicinity of the current position.

• Field deployments with an AUV adaptively sampling a river plume front in a Norwegian fjord
for more approximately 2 hours each.

The novelty of our approach is mainly to bridge ideas from statistical sampling designs and robotic
sampling, for efficient sampling for spatial derivatives. Such developments are important for the
exploration of ocean fronts, which are currently studied intensely with the challenges of climate
change.

There are other recent approaches exploring the properties of ocean fronts with AUVs. Zhang
et al. (2019) used in-situ AUV measurements to follow the front of mixing cold and warm water
masses in Monterey Bay, California. Fossum et al. (2021) deployed an AUV in Arctic waters to
understand the frontal zone near the ice shelf. Fonseca et al. (2023) used AUV samples to map
the front of chlorophyll in the Baltic Sea. These studies attempt to find the gradient or derivative
in the ocean variable of interest. In doing so, the AUV reacts to data, but none of these articles
use spatio-temporal statistical models or approaches from spatial design, which would likely have
improved the mapping performance.

In Section 2, we describe the problem motivating this study and define the necessary notation.
In Section 3, we set up the required building blocks on spatio-temporal GRFs and the properties
of their derivatives, along with methods for Gaussian model updating. In Section 4, we present
the method and algorithm for effective adaptive spatial sampling for characterizing large directional
derivatives in the field. In Section 5, we demonstrate the properties of the suggested design algorithm
in a simulation study. In Section 6, we show the results of AUV deployments in the Trondheim fjord
in Norway. In Section 7, we provide conclusions and point to future work.

2 Problem description and notation

Let s = (se, sn, sd, t) be a point in space and time. Here, (se, sn, sd) ∈ D ⊂ R3 represent east, north
and depth coordinates in a domain D while t > 0 is a temporal index. The spatio-temporal quantity
of interest, denoted x(s) ∈ R, is ocean salinity in our application.
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We are primarily interested in detecting large changes in the spatio-temporal quantity. In our
application, this would indicate ocean frontal zones. We define the directional gradient from location
s to s′ by

g(s, s′) =
x(s′)− x(s)

d(s, s′)
. (1)

With decreasing distance d(s, s′), we obtain the field derivative at s in the direction towards s′. In
practice, we instead consider distance d = d(s, s′) as a tuning parameter that can be specified in
the context of the application and the operational design constraints.

An observation made at space-time location s is denoted y(s), and y(S) = (y(s1), y(s2), ..., y(sN ))
are observations from a set of sampling points S = {s1, . . . , sN}. Considering sequential data gath-

ering with stages k = 1, . . ., size-Nk batch of data yk = {y(s(k+1)
1 ), . . . , y(s

(k+1)
Nk

)} are collected at

locations Sk = {s(k+1)
1 , . . . , s

(k+1)
Nk

}. Hence at stage k, N1:k =
∑k

l=1 Nl data points are available.
We denote the set of all sampling locations up to this stage by

S1:k = {S1,S2, . . . ,Sk−1,Sk}, k = 1, 2, . . . , (2)

with associated observations

y(S1:k) = y1:k =
(
y1,y2, . . . ,yk−1,yk

)
, k = 1, 2, . . . . (3)

We represent the quantity of interest by a GRF model. The differences in equation (1) are then
also Gaussian distributed. We further assume a Gaussian model for the observations in equation (3).
With these assumptions, one can evaluate proposed sampling designs and conduct data assimilation
in near real-time, without resorting to large computing resources.

Our setup, where an agent moves at a limited speed along its trajectory, presents a unique data
collection challenge. Traditional space-covering designs would require extensive time for exploration
due to the agent’s inability to quickly reposition. Instead, we develop, test, and deploy an algorithm
that sequentially evaluates design adjustments from the agent’s current position. This grid-free
approach allows the agent to dynamically select interesting trajectories as they emerge, avoiding the
need for a pre-specified waypoint grid, which is a common constraint in robotics applications.

At each stage k, the agent computes expected rewards for staying on the same trajectory and
for changing to another direction. Design directions with large expected derivatives are preferred in
our case. Each of J possible designs consists of a transect spanning out from the current location,
having M j

k new locations in a set Pj
k = {pj

k,l; j = 1, . . . , J, l = 1, . . . ,M j
k} with single locations

pj
k,l ∈ D. The number of transect points M j

k is fixed at all stages and for all designs, except at
boundary locations. The spacing between single locations along each design direction is also fixed,
and it is determined by the agent’s speed and sampling frequency.

Specifically, in our application, we propose a spider-leg design template for the agent. This is
constructed at constant depth coordinate, focusing on directional gradients in the lateral domain.
Extensions to depth or time variation are possible without much additional computing requirements,
but salinity changes are often most difficult to characterize in the lateral domain. Depth variations
are often more stable, and we assume that the agent moves significantly faster than the phenomenon
develops over time. With this spider-leg template in the lateral parts of the domain, we limit the
scope to having J = 7 possible new directions in the lateral domain.

The agent is able to maintain a nearly constant velocity and with sensors sampling at a constant
frequency. Two locations s and s′ which are used when computing the differences are hence separated
by the same distance during the deployment.
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Figure 1: Illustration of an agent’s path made up of transects at 5 earlier stages. At the current
location, the agent chooses one of the 7 possible designs (not possible to turn straight back). The
design selection criteria is here expected improvement (EI) for the directional salinity gradients.

Figure 1 shows the situation with an agent at the current location (blue circle), having passed
five stages. It must now make a decision about where to go next, for stage six. The agent is not
constrained to travel the entire transect of length Mj . Instead, it conducts new design evaluations
after moving one step-length down the best transect. In this illustration, design number 3 is selected
as the most valuable, and the agent moves a step-length in this direction (marked by a star).

3 Spatio-temporal Gaussian random fields

Robotic units and sensor systems have limited computing, storage and communication capabilities.
Ideas from surrogate modeling (Gramacy, 2020; Fuhg et al., 2021) are hence highly relevant in this
context because they balance realistic representations of the spatio-temporal process and ease of
computations. Here, a GRF is used as a surrogate model onboard the agent.

3.1 Gaussian random fields

A GRF is fully described by its mean µ(s) = E[x(s)], s ∈ D × R+ and a covariance function
C(s, s′) = Cov (x(s), x(s′)), see e.g. Cressie and Wikle (2015). In our case study, the mean function
is specified from physical oceanography modeling for the domain of interest. The covariance function
is specified from multiple ocean models as well as previously acquired data from the domain of
interest. We assume a separable space-time covariance model. A similar separable covariance kernel
has been used to model ocean salinity and temperature by Sahu and Challenor (2008). For a
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Gaussian covariance function, we have

C(s, s′) = σ2 exp

(
−
(
|sn − s′n|2 + |se − s′e|2

ϕ2
s

))
exp

(
−
(
|t− t′|
ϕt

)2
)
, (4)

where we assume constant sampling depth sd and with ϕs and ϕt being the correlation decay pa-
rameters of space and time, respectively. We will go into how these parameters are estimated for
the field experiments in section 6.1

For any set of N space-time locations S = {s1, s2, . . . , sN}, the length-N random vector xS is
then Gaussian distributed with mean vector

µS = (µ(s1), µ(s2), . . . , µ(sN )), (5)

and a symmetric positive semi-definite covariance matrix

ΣS =


C(s1, s1) C(s1, s2) . . . C(s1, sN )
C(s2, s1) C(s2, s2) C(s2, sN )

...
. . .

C(sN , s1) C(sN , s2) C(sN , sN )

 . (6)

In short notation, we write
xS ∼ N (µS ,ΣS). (7)

3.2 Directional differences and GRFs

The variable difference g(s, s) in Equation (1) is a linear combination of two Gaussian distributed
variables, and hence it is also Gaussian distributed. In particular, we have mean

E[g(s, s′)] =
µ(s′)− µ(s)

d(s, s′)
, (8)

and variance

Var (g(s, s′)) =
1

d(s, s′)2
(Var(x(s)) + Var(x(s′))− 2Cov(x(s), x(s′)))

=
1

d(s, s′)2
(C(s, s) + C(s′, s′)− 2C(s, s′)) . (9)

One can consider such differences between any pairs of variables at equal distances along a transect
line in the spatial domain (Figure 1). The resulting random vector of directional differences is
multivariate Gaussian distributed.

When studying properties of such derivatives we notice one of the main benefits of using a
Gaussian covariance function. Figure 2 shows five different 1D GRF realizations, one using an
exponential covariance function (ν = 1/2), Matérn covariance function with ν = (3/2, 5/2, 7/2) and
Gaussian (ν → ∞) covariance function. For each of the covariance functions the correlation between
points with a distance of 300 m is 0.05. The realizations are also conditioned on 10 points, the
points are drawn from a GRF with a Matérn covariance function using ν = 3/2 with independent
Gaussian measurement noise. Among the five realizations using the Gaussian covariance function is
the smoothest, and the corresponding gradient is also smooth. The realization with Matérn ν = 7/2
covariance is also quite smooth. The derivatives for ν = 1/2 and ν = 3/2 the Matérn ν = 3/2
results in large and not very smooth derivatives. This means that it is likely more robust to impose
a smooth correlation function when the goal is to search for hot-spots in gradients.
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Figure 2: One realization using 5 different values for ν. Exponential (ν = 1/2), Matérn with
ν = (3/2, 5/2, 7/2) and Gaussian (ν → ∞) covariance function. These realizations are conditioned on
the 10 star points in the top plot. The Gaussian covariance function gives the smoothest realizations
and gradients. The plotting scale for the gradients is truncated, as the gradients for the exponential
covariance function become extremely large.

3.3 Conditioning to in-situ observations

The agent updates the on-board model based on in-situ measurements. The observation model is
here defined via

y(s) = x(s) + ϵ(s), ϵ(s) ∼ N (0, τ2), (10)

where τ2 is the error variance. Observation errors at different locations are assumed to be indepen-
dent.

The additive Gaussian noise assumptions in Equation (10) entail that the conditional model
remains Gaussian. For design location set P ∈ Pj

k+1 at stage k + 1, given the currently available
data y1:k, mean vector and covariance matrix are

mP = µP +ΣP,S1:k
(ΣS1:k

+ T S1:k
)−1(y1:k − µS1:k

), (11)

ΨP = ΣP −ΣP,S1:k
(ΣS1:k

+ T S1:k
)−1ΣT

P,S1:k
, (12)

where T S1:k
= τ2IN1:k

is the measurement noise covariance matrix and ΣP,S1:k
is the cross-

covariance between variables at locations P and those at former data locations S1:k.
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In particular, at any two points s ∈ P and s′ ∈ P, the variable (x(s), x(s′)) is bivariate Gaussian
distributed. Their scaled difference is then also Gaussian, see Equation (8)-(9).

3.4 Efficient matrix calculations

Matrix inversion or factorization can take a considerable amount of time when the number of data
increases. Say, in Equation (11) and (12), one must invert the matrix ΣS1:k

+ T S1:k
of dimension

N1:k ×N1:k. This is of order O(N3
1:k) calculations, and it could quickly stall the agents´s computing

performance. We utilize the structure with batch data collection, and then rely on a block version of
the Sherman-Woodbury-Morrison formula for efficient matrix factorization (Petersen et al., 2008).
We have that [

ΣS1:k
+ T 1:k ΣS1:k,P

ΣP,S1:k
ΣP

]−1

=

[
B −AΣS1:k,PC

−CΣP,S1:k
A C−1

]
, (13)

where A = [ΣS1:k
+ T 1:k]

−1 is available from the previous stage, and

B = A+AΣS1:k,PC
−1ΣP,S1:k

A, C = ΣP −ΣP,S1:k
AΣS1:k,P .

The required inversion in this expression is for matrix C, which is of moderate size Nk+1 × Nk+1

because it only involves the new batch. Equation (14) is used both to evaluate many designs
{Pj

k+1}j=1,2,...,J and to update the mean and covariance in the data assimilation step.
Even though this matrix factorization trick allows efficient computing onboard the agent, the

mere size of the covariance matrix grows over stages and this leads to evaluation times that hinder
real-time operation. To address this challenge further, we implement an approach for reducing
the data size over space-time by thinning data from far away/long ago. This notion of nearest
observations having the largest impact on the Kriging prediction is sometimes referred to as spatial
screening (Stein, 2002). In our setting, we set a threshold computation time for the data assimilation
and prediction steps. If the agent’s on-board computation time gets larger than this threshold time,
we thin the data points in memory by half. Thinned data locations are far away from the agent’s
current position, and the variables at thinned locations have a low correlation with the prediction
points. After this thinning step, the matrix inverse A in Equation (13) must be re-computed before
re-commencing with the recursive factorization formula for the next stages.

Note that our procedure treats the model parameters of the GRF model as fixed. Hence, they
are not re-estimated from in-situ data. One could in principle update model parameters as well,
say, using maximum likelihood estimation, but this would not scale sufficiently well for real-time
operation because the agent’s computer is relatively small. If such parameter updating is desired,
we suggest pausing the operation. The agent then takes extra time to surface and can communicate
data to a larger computer using 4G. Once this faster computer has re-estimated model parameters,
they are communicated back to the agent, which can continue the operation with a revised model
description and new parameter values.

4 Adaptive sampling design

For the adaptive selection of designs as illustrated by the spider leg design in Figure 1, the agent first
evaluates the expected rewards of the 7 possible transects. Next, an optimal decision (direction) is
made based on the highest expected reward in terms of directional differences. This procedure is
repeated over stages as the agent traverses the domain of interest. The presentation in Section 4.1
describes the suggested sampling approach using a single stage (with suppressed notation for stage
k), while Section 4.2 outlines the algorithm for multiple stages in detail.
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4.1 Expected improvement for spider legs transects

The design transects Pj , j = 1, . . . , 7, in Figure 1 are evaluated based on the updated conditional
distributions in Equation (11)-(12), which also defines the Gaussian distribution for directional dif-
ferences, see Equation (8)-(9). The transect design choice is made according to the optimal expected
gain in directional differences. For this purpose, we let gmax denote the largest absolute directional
difference observed thus far in the sampling. We first present the probability of improvement (PoI)
in this directional difference. Then the expected improvement (EI) is described. (In Section 5 we
compare PoI and EI in a simulation study.)

Probability of improvement

The PoI for a design is the probability of having a difference larger than gmax for the selected
observation points. For a transect P = {p1,p2, . . .pN}, variables at two neighboring locations pi,
pi+1, i = 1, . . . , N − 1 define the difference. To simplify notation, the conditional distribution of
the difference gi = g(pi,pi+1) is denoted N (ζi, η

2
i ). Then the probability that |g(pi,pi+1)| is larger

than gmax is

PoIi = P (|g(pi,pi+1)| ≥ gmax) = 1− Φ

(
gmax − ζi

ηi

)
+Φ

(
−gmax − ζi

ηi

)
, (14)

where Φ(z) is the standard normal cumulative distribution function evaluated at z.
The PoI in Equation (14) is computed for all two-neighbor locations along a transect. Next, the

optimal transect according to the largest PoI is defined by

Best directionProb = argmax
j∈{1,2,...,J}

max
pi∈Pj

P (|g(pi,pi+1)| ≥ gmax). (15)

There exist alternative forms of PoI. For instance, Jones (2001) suggested using a shifted mean to
encourage more exploration in the designs. It is however not easy to tune the fudge shift parameter.

Expected improvement

EI represents the expected gain in difference over gmax. Here, the gain or improvement is

I(gi) = max(|gi| − gmax, 0). (16)

For Gaussian distributions, there is a closed-form solution for the EI, see e.g. Jones (2001). We have

E[I(gi)] = (ζi − gmax)

(
1− Φ

(
gmax − ζi

ηi

))
+ ηiϕ

(
gmax − ζi

ηi

)
+ (−ζi − gmax)Φ

(
−gmax − ζi

ηi

)
+ ηiϕ

(
−gmax − ζi

ηi

)
, (17)

where ϕ(z) is the standard normal probability density function evaluated at z.
EI has been used much in for instance Bayesian optimization (Garnett, 2023). Compared to PI,

it tends to more naturally balance exploitation and exploration.
The EI is computed for all two-neighbor locations along a transect design. Next, the optimal

design is selected based on the largest EI:

Best directionEI = argmax
j∈{1,2,...,J}

max
pi∈Pj

E(I(gi)). (18)
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4.2 Algorithm

At each stage k one conducts i) data assimilation (Section 3), ii) prediction of directional derivatives
along all possible design transects, iii) evaluation of the design criteria to select the optimal transect
(Section 4.1), iii) sampling of data (assumed to be represented by the model in Equation (3)). Then
returns to step i) for the next stage. The algorithm using EI as a design criterion is summarized in
Algorithm 1.

Along with the statistical model, data assimilation and the statistical design criteria, some further
details are needed to fully describe this algorithm. For practical implementation, one must define
the length or horizon for the J = 7 possible transects. This defines Nk+1 and the locations in designs
P j
k+1, j = 1, . . . , J . Further, for proactive deployment, the agent does not necessarily move until the

end of this transect. Instead, it sets a waypoint (WP) at a shorter step length. (This is illustrated
by the star in Figure 1.) The reason for predicting far into the future and moving only a short path
is that one can react quickly to the new measurements while looking for promising far-away large
derivatives in the design criterion.

Algorithm 1 shows the steps of the sequential procedure. At each stage k, the agent computes
the optimal design, and based on this it sets the next target waypoint (WPk). In the real-world
deployments, the initial point (WP0) is a location that is expected to be near the front. Once, the
next waypoint is known, the agent collects data according to this selected design direction heading
towards this waypoint, updates the model, and then evaluates all designs for the next stage when it
reaches the waypoint.

Figure 3 illustrates parts of this procedure as it folds out in the simulation study. In the displays,
the agent has sampled for 20 steps. It is now at the white triangle, about to make a decision on
where to move next. The 7 candidate transects are shown in dark green. The next waypoint (white
star) is set a step length along the transect having the largest EI in directional differences.
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Figure 3: Illustration of spider leg designs for (a) one realization of a true salinity field, (b) the
conditional mean salinity field, and (c) the prior mean field. All three plots show the observed path
of the AUV in black, and the possible design transects in dark green. The optimal design is in light
green and the next waypoint is one step-length down this optimal design transect.

Recall that the computation time does not depend on the size of the field domain in our case. It
depends on i) the number of data points, ii) the frequency of design evaluations, and iii) the number
of designs evaluated. For i), we implement efficient matrix factorization and thinning of data (Section
3.4). For ii) and iii), we have algorithmic tuning parameters defining the length of the 7 planning
transects and the step length along a transect forming the next waypoint. We describe these further
in the context of the simulation study and then use the same for the real-world deployments.
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Algorithm 1 Adaptive sampling for large derivatives.

Require:
µ(s), C(s, s′), operational domain D, distance d, step-length along transect, transect horizon.
S0 = ∅, y0 = ∅, gmax,0 = 0, waypoint WP0 near the expected front.
repeat For each time k = 0, 1, . . .: ▷ Loop over stages

Define spider leg designs Pj
k+1 for j = 1, . . . , J transects.

Set EImax = 0
repeat For each spider-leg Pj

k+1, j = 1, . . . , J ▷ Design evaluation
Predict mPj

k+1
and ΨPj

k+1
conditional on data y1:k at S1:k. ▷ Eq. (11)-(12).

Compute EIjk+1 = maxpi∈Pj
k+1

E[max(|gi| − gmax,k, 0)] ▷ Eq. (17).

if EIjk+1 > EImax then

EImax = EIjk+1

Set P∗
k+1 = P j

k+1

end if
until
Along transect P∗

k+1, set size-Nk+1 set of locations Sk+1, with end location WPk+1

The agent moves from WPk = s
(k+1)
0 to WPk+1 = s

(k+1)
Nk+1

,
Data yk+1 is gathered at locations Sk+1

Update y1:k+1 = (y1:k,yk+1) and S1:k+1 = {S1:k,Sk+1} ▷ Augment dataset

Find the largest absolute derivative gk+1 = maxi=1,...,Nk+1

{∣∣∣∣y(s(k+1)
i )−y(s

(k+1)
i−1 )

d

∣∣∣∣}
Update maximum derivative gmax,k = max(gmax,k, gk+1)
if Update time > max update time then

Points in memory are thinned.
end if

until

5 Simulation study

We test and compare different sampling design strategies on a replicate study. The results of this
study provide recommendations for the real-world setup in the next section.

5.1 Simulation setup

We consider an AUV that can operate in a square 2D domain of size (0, 1) × (0, 1) km2 as shown
in Figure 3. In this domain of interest, we generate 100 replicate true fields from a 2D GRF model.
No time variation is used here. The mean (see Figure 3 right) is specified to mimic a river outlet in
the southern part. There are hence low salinity values in the south and higher salinity in the north.
We use a Gaussian covariance function:

C(s, s′) = σ2 exp

(
−
(
|sn − s′n|2 + |se − s′e|2

ϕ2
s

))
, (19)

with ϕs = 100 m and σ = 4. This initial GRF model is updated with data during the simulation
run.

The starting location for the AUV is sampled uniformly, at least 700m from the modeled outlet.
For all experiments, the AUV will run for a total of 5000 m. In the design algorithm, we adjust
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transect alternatives crossing the boundaries of the domain. The speed of the AUV is set to be 1
m/s with a sampling frequency of 1 Hz. This means that the distance between sampled points is 1
m. The measured salinity noise variance is τ2 = 22. In the algorithm, we use a transect horizon of
500m in the design evaluation and step-length 100m for waypoint distances. This means that the
model assimilates Nk = 100 data points at each stage.

5.2 Evaluation metrics

We study statistical properties of the suggested design methods using various metrics such as i) the
largest directional difference observed during the mission, and ii) how many important high-gradient
regions the AUV was able to visit during its operation.

We monitor the largest measured absolute directional gradient gmax,k over mission time and
replicate runs. Ideally, we want this value to grow quickly over stages k. This metric is also a good
indicator of whether the AUV has detected a large gradient during the mission. However, the metric
does not indicate the AUV’s ability to explore large gradients in various regions of the field.

For domain exploration, the AUV should visit several regions where there are large gradients
in the salinity field. To gauge this kind of exploration, we split the domain into 400 equal-size
regions (50× 50 m2 size). We then find the 20 % regions with the largest absolute gradients in the
generated GRF. We refer to these as important regions. Notably, the important regions vary over
the replicates because they are computed based on different true fields. However since there is no
time variation, they remain the same during simulation time for each replicate. As a performance
metric for exploring regions with large gradients, we count how many of these important regions the
AUV visits during its mission in the field.

For illustration, Figure 4 shows gradients in the salinity field (left display) for one of the replicate
runs. The important regions for this replicate realization of the field are marked with red colors in

Figure 4: One realization of absolute gradient (left plot) and the corresponding important regions
(right plot). The important regions cover 20 % of the domain and they represent regions with the
largest gradients.

the right display.
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5.3 Simulations results

We use the two different design criteria for actively learning large gradients; PoI in Equation (14) and
EI in Equation (17). In addition to these two, we compare performance with three other strategies;
select the direction with the largest expected difference, select the direction with the largest variance
in the differences, and select at random among the 7 possible transects. All strategies rely on the
same 100 replicates, the same starting points, and they use the same statistical model for data
assimilation. The only difference is in the sampling design objective function used.

The results of running replicate simulations with these five different strategies are shown in
Figure 5. We first study the AUV’s ability to detect large directional derivatives. In Figure 5 left)
we show the maximum derivative discovered by each of the five strategies over the distance traveled
by the AUV (first axis). The thick line is the mean over the 100 replicates while the shaded region
represents 2 standard deviations in this mean. Here, EI works better than the other strategies,
followed by PoI and the design strategy based on the largest expected difference. It appears as if
PoI gradually improves over time, compared with the strategy focused on large expected derivatives.
The gap between PoI and EI closes towards the end of the simulation, but EI increases much faster
in the beginning of the simulation. Compared with EI, the strategies of PoI and large expected
differences are both more prone to get stuck in a local maxima, and it spends much sampling effort
locally before moving away. The design strategy based on large variance in the differences is worse
than the best three, but it is much better than the random strategy which is worse than the others
here.

In Figure 5 right) we plot the number of important regions the AUV has visited after running a
given distance. Again, the thick lines indicate the mean number of regions while the shaded region
represents 2 standard deviations in this mean. The ranking of the different design criteria is the
same as for the largest detected derivative (left display), but the relative performance of different
strategies is somewhat different. Here, capturing more of the exploration capabilities of the various
strategies, EI is the best and remains better than PI for all stages. The strategy focused on the
largest expected differences is now much worse than PI. It is more likely to get stuck in promising
regions, not exploring the domain so well.

To gain more insight into the properties of various strategies, we study their worst-case and
best-case outcomes over the replicate runs. This relates to risk in our case because it is difficult to
conduct many experiments in the ocean. Table 1 shows the 5th, 50th and 95th percentiles for the
two metrics at the end of the operation. In terms of the largest derivative gmax, EI has a narrower
range in the 95 to 5 percentiles than PI. For the 95th and 50th percentile of important regions
covered, EI and PoI have similar performance, but for the 5 percentile, the difference is large. Here,
EI is able to sample in 39 (out of 80) important regions, while PoI is only able to sample in 19. The
other three design strategies are much worse in the 5 percentile cases both for the largest derivative
and important regions. This means that EI is more robust in its performance than PI and other
criteria. In particular, its worst-case performance is much better at exploring the important regions.

Regarding algorithmic parameter tuning, we conducted other test runs to evaluate the impact
of various inputs. For the transect horizon, a longer horizon tends to give a faster increase in the
performance metrics. The main reason to limit the horizon is computational cost and the goal of
near real-time operation. For the step length used to set a new waypoint, we learned that it should
not be too long. A shorter step length enables faster AUV reaction to variabilities in the field.
Using a long step length, the AUV can overshoot a region with large derivatives, and it wastes time
traveling the long way back.
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Figure 5: Comparison of different design criteria as a function of distance traveled (operation time).
Results are averaged over 100 realizations (solid line) with ±2 standard errors (shaded). (a) Increase
in direction derivative. (b) Increase in important regions visited.

gmax Important Regions

Objective function 5 % 50% 95 % 5 % 50% 95 %

EI 1.52 1.81 2.13 39 47 56
PoI 1.49 1.83 2.18 19 45 55

Max Gradient 0.61 1.78 2.15 0 33 47
Max Variance 0.87 1.50 1.94 2 14.5 31

Random 0.61 0.81 1.54 0 1 13

Table 1: Percentile table for the different objective functions with the two different evaluation
metrics. The percentiles are computed from the 100 replicate runs and they are calculated at the
end of the operation.

6 Case study

The proposed algorithm was tested in two field deployments in the Trondheim Fjord, Norway. The
first took place on June 22, 2023 and the second on September 25, 2024.

We first outline the parameter specification in the spatio-temporal GRF using numerical ocean
model data. Then we describe the AUV setup, and finally show the results of the deployment.
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Figure 6: Left: SINMOD simulation results of the surface salinity of the Trondheim fjord near the
Nidelva river outlet. Right: The absolute salinity gradient computed from the SINMOD simulation.
The plots show river outlets and river plume fronts in dark red.

6.1 Prior model specification based on SINMOD

We have access to a numerical ocean model of the fjord. This model is called SINMOD and it
has been developed by SINTEF Ocean (Slagstad and McClimans, 2005). From inputs of river flow,
bathymetry and tides, SINMOD solves partial differential equations to mimic currents, temperature
and salinity in the fjord. We are mainly interested in the salinity variable and how the salinity
changes in space and time. Figure 6 illustrates a snapshot from a SINMOD simulation, where
the left display shows the salinity and the right shows the absolute gradient. At this time in
the simulation there is a transition from high to low tide1. The darker red regions in Figure 6
right) indicate zones where the salinity variable changes rapidly. We notice large gradients near
the multiple river outlets but also further out in the fjord highlighting river plume fronts. For the
field deployment, the AUV will explore the north-east river outlet and its plume. This is the outlet
with the highest discharge. It is also the part with less marine traffic, reducing the risk of collision.
SINMOD simulations are computationally heavy to run and they cannot be updated onboard the
AUV. Instead, we rely on SINMOD simulations to fit a GRF surrogate model for the salinity. We
use simulations done sometime before the mission to specify the prior mean for the operation time.
The spatial and temporal correlation decay parameters ϕt and ϕs, and the variance σ2 in Equation
(19) are estimated prior to deployment. For the September 2024 experiment, these parameters were
estimated using maximum likelihood estimation on AUV and SINMOD data from June 2023. The
parameters were specified to ϕt = 920 s, ϕs = 120 m and σ = 0.36. For the June 2023 experiment
the parameters were estimated using the SINMOD simulations. The parameters were then set
based on empirical and modeled variogram matching, giving ϕt = 5400 s, ϕs = 530 m and σ = 2.
Maximum likelihood estimation gave very similar parameter estimates, but a somewhat shorter
correlation range. Post-processing of the results shows that differences in estimates are caused by
seasonal variety, river flow and tidal conditions rather than the method of parameter estimation.
The salinity measurement noise standard deviation τ in Equation (10) was estimated to be τ = 0.27
from previous AUV deployments in similar conditions.

1Tide data gathered from https://www.kartverket.no/
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Figure 7: LAUV-Thor maneuvering at the surface during pre-launch protocol testing.

6.2 AUV Setup

A Light Autonomous Underwater Vehicle (LAUV) from NTNU’s Applied Underwater Robotics
Laboratory (AURLab) was used in the experiments. Pre-launch protocol tests consisted of standard
remote control verification (Figure 7). The primary computational unit of the LAUV is the NVIDIA
Jetson TX2. The vehicle’s onboard algorithmic capabilities are augmented through the integration
of an adaptive sampling framework (Mo-Bjørkelund et al., 2020), which mediates message exchange
between the Robot Operating Systems (ROS) (Quigley, 2009) and DUNE (DUNE: Unified Navi-
gation Environment(Pinto et al., 2013)). Communication among the vehicle’s components utilizes
the Inter-Module Communication (IMC) protocol (LSTS, 2022). The integration follows the scheme
outlined in Ge et al. (2023), providing additional insights into the ROS-IMC bridge.

The AUV aims to maneuver at a depth of 1 m where we expect large variability in salinity (Berild
et al., 2024). Also, the AUV is less prone to collisions with small boats when keeping this depth,
so it reduces risk. Because of waves, AUV pitch and buoyancy controls, there is some variability in
the true depth (0.7-1.3 m). The AUV is programmed to maintain a speed of 1.6 m/s, which is much
faster than the dynamics of the plume phenomenon observed in the SINMOD results. The sampling
frequency is set at 0.2 Hz. It was configured to re-surface at 10-minute intervals for navigational
adjustments. The starting location is close to the river mouth where the salinity changes are expected
to be highest.

The suggested sampling design algorithm contains tuning parameters: the step-length was here
set to 250 m, while the prediction horizon was 750 m. The AUV evaluated 7 transects at each stage,
outlined in Algorithm 1. The maximum planning time is set at 5 s, when the AUV uses more time
than that when making a decision the data points in memory will be thinned
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Figure 8: AUV paths for the two missions; June 2023 (left) and September 2024 (right). Note the
different color scales for salinity. Rapid color changes indicate larger salinity gradients. The black
parts is land.

6.3 Results

The experiment on 22 June 2023 ran for 2 h 10 min and the one on 25 September 2024 ran for 1
h 30 min. During the June 2023 the AUV took 39 stages and during September 2024 it took 27
stages. We next present the differences and similarities in the results of the two deployments.

The conditions of the river plume were quite different during the two experiments. First, the
average river discharge measured on 22 June 2023 was 57.7 m3/s with an average of 160.6 m3/s
the 30 days prior to the deployment. On September 25 2024, the discharge was measured at 41.7
m3/s with an average of 88.8 m3/s the 30 days prior to deployment 2. This indicates that there was
more freshwater flowing into the fjord during test 1, and that more fresh water had gone into the
fjord prior to the deployment. Second, the tide was going from low to high tide during June 2023
experiment, while the September 2024 experiment 2 was conducted during low tide.

The paths made by the AUV during the two experiments are shown in Figure 8. The left
display shows results for June 2023 and the right one is for September 2024. The color along the
paths indicate the estimated salinity values, and changes in color along a transect indicate large
derivatives in the salinity. Note that the color scales are different for the two plots. In June 2023 the
levels ranged from 21.5-23, while in September 2024 the values ranged from 23-28. The differences
in salinity are likely due to the difference in river discharge during and preceding the experiments.
In the June 2023 deployment (left), the AUV explored a larger area because the salinity variations
were not very high, while the September 2024 deployment discovered larger variations and the AUV
stayed close to the river outlet.

Figure 9 shows the maximum salinity gradient increase during the experiment. The plot also
indicates the observed absolute directional gradient and the predicted gradients. There are four
distinct shifts in gmax during the June 2023 experiment: in the start, 0.2 hours, 0.75 hours, and 1.1
hours into the mission. Around 1 hour to 1.5 hours into the mission the AUV sampled in a region

2River discharge data are gathered from sildre.nve.no using station 123.20.0. This station is positioned below
Nedre Liarfoss hydropower station
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Figure 9: Increase in maximum absolute derivative during the two missions (orange). The plots
also show the measured absolute salinity change (blue) and the predicted salinity change derivative
(green). Note the different scale on the second axes.

with plenty of salinity change, this is where the largest gradient is found. After this time, the AUV
did not measure any very large salinity derivatives. For the September 2024 experiment, the AUV
measured large derivatives during the first part and the second half of the experiment, while it found
and predicted only small derivatives in the middle part of the mission (0.6-0.9 hours). Note again
the scale differences. There were much sharper salinity derivatives near the river outlet in September
2024, because of less flow in the river. Figure 9 (green colors) shows that when the AUV predicted a
large derivative, it often observed (blue colors) a large derivative as well. This means that the GRF
model and the updating approach have merits. It guided the AUV to locations of large derivatives
and it was quite often right in its predictions. However, the predicted derivative is usually larger
than what is observed. These inflated predictions can cause some issues in the exploration, say in
the second experiment where the AUV stayed very close to the river plume, rather than exploring
further out in the fjord.

Figure 10 shows the EI results over stages of the AUV sampling. The selected transects during
the stages of the AUV deployments is in the red solid curve, while the dots indicate other EI values
for other alternative design transects at this stage. The EI usually starts out with large values while
the gmax is low. Later in the operation, the EI drops closer to zero, and the AUV explores different
regions where it does not necessarily predict that the derivative will be large, but rather that the
variance is large. On the left plot (June 2023) we notice this behavior of EI decline. It measures
the highest EI at step 4 and then it decreases over stages. This behavior is not so clear for the
September 2024 deployment (plot b), where the EI remains high throughout the experiment. This
can be explained by the fact that the AUV indeed measured two larger derivatives during the latter
half of the experiment, and thus a high EI would be reasonable in the vicinity of these observations.

18



(a) June 2023 (b) September 2024

Figure 10: The EI during the stages of the two experiments. For each step, the dots show the EI
for the different possible transects. The red line is then the EI for the transect with the highest EI
which is chosen by the AUV.

7 Closing remarks

We have presented a new approach for spatio-temporal sampling designs, where an agent aims to
locate regions exhibiting large derivatives. For our application in oceanography, such locations indi-
cate frontal zones with much biochemical activity. The approach for adaptive sampling is based on
a Gaussian random field model, and the directional differences in the field are then also Gaussian
distributed. Leveraging matrix relations and data thinning, we then implement efficient data assim-
ilation and design evaluations on the agent’s limited computing resources. With the sampling design
setting of a moving agent, we suggest a spider leg design at each stage of the adaptive operation.

We demonstrate the merits of the approach in a simulation study and in a field deployment
running an autonomous underwater vehicle in a Norwegian fjord. In the simulation study, we
achieved the best performance using expected improvement as a design criterion. Particularly when
studying the agent’s ability to explore several parts of the domain that hold large gradients. Two
field experiments (June and September) demonstrated real-time operation in harsh ocean conditions.
In June, there was much water flow and the autonomous underwater vehicle searched for gradients
further out in the fjord compared to findings in the September mission where the water flow was
low and the vehicle stayed close to the river outlet.

The field of robotics and embedded computing is growing quickly with the technological advances
in small-size computing units and the current societal focus on AI. Statistics should play a substantial
role in the development of new algorithms in this field. We have shown one example of added value
in using spatial statistics and spatial design for underwater robotics. There are plenty of other
applications where statistics can contribute. In our experience working on this, the engineers see
much merit in more formalized statistical methodologies. They are however striving for efficiency
and real-time operation, so rather than overly complex statistical models or methods, there seems
to be a need for fast and robust systems with reasonable statistical properties.

For future work, we plan to investigate more nuanced algorithms where one can tune the distance
and design parameters to automatically capture the right scales on the fly. Rather than just deriva-
tives, one is often interested in volumes (spatial integrals). In oceanographic applications volumes
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of relevance include high biomass, oxygen production, net primary production, etc., see e.g. Wu
et al. (2022). Integral expressions are linear operators and it is hence Gaussian distributed if the
variable of interest is Gaussian. The methods described in this paper can hence also be used for
such applications. We used a relatively standard spatio-temporal covariance model here. It would
be interesting to try more complex temporal dynamics such as advection-diffusion processes (Sigrist
et al., 2015; Foss et al., 2022) or non-stationarity in space (Berild and Fuglstad, 2023).
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Abstract

With the goal of effective chlorophyll mapping in space and time using
autonomous underwater vehicles, we study algorithms for hotspot sampling. We
develop, implement and test a sampling algorithm using the expected improve-
ment in chlorophyll to evaluate potential sampling designs. Working in a depth
and lateral mode, the vehicle intelligently chooses the survey path for each sam-
pling stage. The onboard system for design evaluation and data assimilation
builds on a Gaussian random field representation of the log chlorophyll varia-
tions in north, east, depth, and time coordinates. Using a grid-free approach
with spatio-temporal thinning of data, the random field model is quickly updated
with in situ measurements made by the autonomous vehicle. This approach fur-
ther enables real-time calculations for the expected improvement criterion used
for sampling decisions. Via simulation studies, we compare the suggested sam-
pling approach with others. Results of trials in the Mausund area, Norway, are
used to demonstrate field deployments of our implementation for adaptive sam-
pling. Here, we also discuss and compare the chlorophyll samples with that of
zooplankton data gathered at the same locations.

Keywords: autonomous underwater vehicle, adaptive sampling, path planning,
chlorophyll, expected improvement
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1 Introduction

Half of the oxygen we breathe comes from phytoplankton in the ocean (Field et al.
1998). Crucial for mankind and the primary productivity in the sea, phytoplankton is
also essential for the development of grazing zooplankton and the entire food chain in
the oceans. It is hence important to understand the mechanisms that drive phytoplank-
ton, its correlations with zooplankton and biomass production, particularly in times
of climate change, where one anticipates increasing ocean temperatures, potentially
leading to reduced oxygen production (Sekerci and Petrovskii 2015).

A key enabler for the improved characterization of phytoplankton is the devel-
opment of new sensor system technologies and algorithms to sample plankton in
the ocean, and to couple these with models to gain an understanding of their
spatial-temporal distribution. Phytoplankton dynamics can be modeled through cou-
pled numerical ocean simulations that incorporate both physical and biochemical
oceanographic processes. While such numerical ocean models provide much skill
and interpretation, it is, however, difficult to correctly specify the initial conditions
and forcing parameters. This problem may lead to bias in the predictive spatial-
temporal distribution of plankton. Another source of phytoplankton information is
satellite imagery data. Ocean color products computed from satellite data correlate
with Chlorophyll A (ChlA), which is again indicative of the phytoplankton types
and biomass (Brewin et al. 2017). Satellite data are, however, sparsely sampled and
not always available due to cloud coverage and other factors such as turbulence and
dissolved organic matter (Li et al. 2021). Moreover, phytoplankton blooms can be ini-
tiated far below the surface (Cullen 1982; Coon et al. 1987), and they are difficult to
detect at an early stage using satellite data which reflect the situation near the surface
(Cornec et al. 2021).

In situ measurements of water samples are highly informative and provide accurate
data on plankton. These data are useful for understanding vertical migration and for
calibrating ocean models or satellite data. However, water samples are not particularly
useful for plankton mapping because they are sparsely sampled, providing data only at
select points. One gains much flexibility by using an autonomous underwater vehicle
(AUV) for sampling. AUVs enable in situ measurements of plankton at various depths,
with the opportunity to move the AUV with its sensors to desired sampling locations,
rather than staying at one location or drifting with the currents. AUVs are further
equipped with computing capabilities, leveraging on-board data assimilation of the
in situ observations in a model formulation, and using that updated model to find
promising sampling designs leading the AUV to sense at new locations of potentially
high plankton intensity.

There have been several studies recently on informative robotic sampling in the
ocean. Flaspohler et al. (2019) used Monte Carlo tree search, entropy-based crite-
ria and fast Gaussian random fields (GRFs) calculations to localize and sample coral
hotspots with an autonomous surface vessel. Stankiewicz et al. (2021) applied an
upper confidence bound and GRF calculations to map dissolved oxygen in the Sev-
ern River, Maryland. Berget et al. (2023) conducted variance-guided AUV sampling
for mine tailings concentrations, using an onboard GRF model fitting an advection-
diffusion process in space and time. Chen et al. (2024) showed benefits of having a
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non-stationary Gaussian model for information gathering, using an autonomous sur-
face vessel to improve underwater terrain maps in a quarry lake. Related to plankton
and ChlA sampling, Das et al. (2015) conducted mean and upper confidence bound
strategies for AUV sampling of phytoplankton abundance in Monterey Bay. Manjanna
et al. (2018) relied on prediction variance for informative surface vessels sampling of
chlorophyll in a Colorado reservoir. Zhang et al. (2019) used an AUV with spiral-type
up and down movement to detect and track the deep chlorophyll maximum layer from
ChlA and temperature measurements. Fossum et al. (2019) performed mean and vari-
ance -based AUV sampling for the ChlA maxima layers off the coast of Norway. Zhang
et al. (2021) used an AUV to detect the deep chlorophyll maximum layer and drift
with it while other sensors measured other parts of the phenomenon. Fonseca et al.
(2023) relied on a GRF model and its gradients to conduct adaptive AUV sampling of
ChlA in an algal bloom in the Baltic Sea. Karakose and Bal (2024) used a GRF model
and upper confidence bounds for adaptive ChlA sampling off the coast of Alaska.

The approach outlined in this paper differs from these in the way we set up a sam-
pling design and enable fast calculations for real-time large-scale operations. A GRF
model is updated onboard the AUV with in-situ ChlA data. The AUV is instructed
to explore and characterize places with high ChlA concentration. This is achieved
by optimizing the expected improvement (EI) of the ChlA variable among possible
direction and depth trajectories. Known to balance exploration and exploitation, our
simulation studies show that EI is more effective for hotspot sampling than using other
data acquisition criteria. Importantly, EI has a closed-form expression for GRFs, facil-
itating real-time operations. While spatio-temporal processes models are sometimes
hampered by large grids and the required matrix computations, our implementation
is scalable because it relies on keeping only data locations and values. The needed
small-size grid directions are only formed when local sampling designs are evaluated.
The main contributions of the paper are;

• real-time algorithm using EI for hotspot sampling of ChlA in 4D (north, east, depth
and time),

• efficient Gaussian computations and model updating enabled by a grid-free approach
and thinning of far-away data.

• new framework for design evaluations along spider-web trajectories in lateral
coordinates and depth,

• simulation study comparing the outlined approach with others,
• field test in Norwegian coastal waters.

In Section 2, we provide a background for our case with plankton sampling in
coastal areas of Norway. In Section 3, we outline the statistical model used for ChlA
variability in space and time. In Section 4, we develop EI algorithms for adaptive
AUV sampling of hotspots in ChlA. In Section 5, we study properties of the suggested
algorithm for hotspot sampling through a simulation study. In Section 6, we show
results of the AUV field trials for ChlA sampling in a coastal region in Norway. Here,
we also compare and discuss the data and sampling results with other data sources.
In Section 7, we conclude and point to future work.
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2 Background

At the base of the marine food web, phytoplankton produce more than half of the
atmospheric oxygen (Boyce et al. 2010). Yet, there is still much to learn about the
mechanisms that drive the spatial-temporal distribution of phytoplankton. Some of
the key factors influencing the distribution are sunlight availability, nutrients, tem-
perature, ocean currents, and zooplankton grazing, among other organisms. The
sunlight changes throughout the day and year. Nutrients are transported with complex
ocean currents, and they can be depleted by the phytoplankton and other organ-
isms. Eddies, current characteristics and internal waves are being regarded as very
important for the vertical dynamics, but these uncertain drivers have complicated
interactions. As a result of the complex factor relations, the spatio-temporal dis-
tribution of phytoplankton is heterogeneous and patchy (McGillicuddy and Franks
2019).

The patchiness is noticed in satellite data of ocean color or ChlA (Schalles 2006).
It is also seen in numerical ocean models that mimic the spatial-temporal dynam-
ics in the upper water column. Fig. 1(a) shows a satellite image1. Even though this
is at coarse resolution and with much uncertainty, one notices regions that contain
more ChlA than others. Fig. 1(b) shows numerical ocean model results for Calanus
finmarchicus, an abundant and important species of zooplankton. This is a result of
using both physical and biological oceanography models to study the spatio-temporal
variability in plankton which again form patchy uncertain structures driven by eddies
and currents.

Images like in Fig. 1 provide some indication of the lateral distribution and move-
ment of phyto- and zooplankton, but they rarely show much of the vertical distribution.
Depth variability is largely driven by nutrient availability, sunlight, temperature, and
water density (Wirtz and Smith 2020), which vary with location and season (Cullen
and MacIntyre 1998). Zooplankton exhibit movement in the lateral plane driven by
some of the same influences as phytoplankton. However, their vertical movement often
differs. While their main diet is phytoplankton (Baars and Fransz 1984), they are also
an important food source of several fish types, and they can migrate to large depths
during the day to avoid visual predation (Lampert 1989). This daily migration, often
referred to as the diel vertical migration (DVM), is influenced by several factors and
can be stronger or weaker during different seasons.

We conduct AUV experiments to gain more insight into the spatio-temporal vari-
ation of ChlA and then put this in the context of phytoplankton distributions and its
relations to zooplankton density. AUVs use fluorometers to obtain measurements of
ChlA. Similar to what has been seen in satellite images and ocean models, patchiness
of ChlA in AUV samples has been discussed in e.g. Fossum et al. (2019) sampling off
the coast of Norway and in Tippenhauer et al. (2021) sampling in the front of Atlantic
and Arctic waters.

Our AUV experiments were conducted in the Norwegian Sea, specifically in Fro-
havet near Mausund (Fig. 1) in late Spring and early Summer. In this region there
are often several phytoplankton peaks during this season, going to various depths.

1Global Ocean Color Plankton and Reflectances MY L3 daily observations. E.U. Copernicus Marine
Service Information (CMEMS). Marine Data Store (MDS). DOI: https://doi.org/10.48670/moi-00282
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(a) (b)

Fig. 1: (a) Estimated mass concentration of ChlA off the coast of Norway using satel-
lite data on 2024.06.06 (Courtesy of E.U. Copernicus Marine Services). The estimate
has a 4 km resolution. (b) Concentration of the zooplankton Calanus finmarchicus
in the same area using a physical-biological oceanography numerical simulation. The
simulation has a 160 m resolution. The field experiments were conducted within the
red box depicted in both displays.

One reason why the phytoplankton subsides can be grazing by the species Calanus
finmarchicus (Fragoso et al. 2024).

Building on what is seen in ocean models, satellite data and knowledge from DVM
models, we mimic the spatio-temporal ChlA distribution using random field models.
With explicit correlation structure, such models capture the patchiness of plankton.
Limiting the scope to GRFs, we gain computational convenience because one can
update the model and evaluate sampling designs with the computing units onboard
the AUV in real-time.

In summary, the background modeling and sensor opportunities motivate the
following steps for efficient plankton characterization;

• train a random field model to characterize the natural spatial distribution variability
and patchiness of ChlA, as well as the vertical domain trends over time,

• update the random field description with in situ AUV measurements of ChlA,
• use the updated random field model to evaluate various AUV design strategies that

guide the sampling effort to hotspots in ChlA,
• compare data results with that of other sensors, e.g. SilCam for zooplankton

observations.
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3 Model formulation

Ocean model data, satellite images and AUV measurements have shown that the dis-
tribution of ChlA in the ocean can be patchy, with strong spatio-temporal correlations.
Therefore, we model the logarithmic ChlA as a GRF. The quantity is measured by the
AUV at its sampling locations, and based on these measurements, a conditional GRF
model is regularly updated during the mission. We here describe the mathematical
notation, models and formulae for updating.

3.1 Gaussian random field model for ChlA

At location s = (sx, sy, sz, t) ∈ D ⊂ R4, where (sx, sy) is lateral coordinate, sz depth
and t time, we denote log-ChlA by x(s) ∈ R. The logarithmic transform ensures a
sample space on the real line for variables assumed to be Gaussian. Such an assumption
has been used previously by e.g. Low (2009); Mo-Bjørkelund et al. (2024); Liu et al.
(2026). The log-ChlA is modeled by a GRF, see e.g. Cressie and Wikle (2015). In
its prior specification, before any AUV sampling efforts, the GRF model requires the
specification of a mean E(x(s)) = µ(s) and variance Var(x(s)) = σ2(s) for s ∈ D,
and a correlation function Corr(x(s), x(s′)) = ρ(|s − s′|) for s, s′ ∈ D. The mean is
set from depth-dependent variation in ChlA (Wirtz and Smith 2020).

We use valid positive definite correlation functions, and can then formulate a Gaus-
sian model for the log-ChlA xQ = (x(s1), . . . , x(sn)) at any size-n subset of locations
Q = (s1, . . . , sn):

xQ ∼ N (µQ,ΣQ). (1)

Here, entries of the length-n mean vector are µ(si) and matrix entry i, j of the n× n
variance-covariance matrix is σ(si)σ(sj)ρ(|si − sj |).

In our case, we assume stationary a priori variance σ2 at all locations, and the
correlation between two variables at locations si and sj is defined to be separable in
the lateral xy−plane, depth direction z, and time t. This means that

ΣQ(i, j) = σ2ρxy(|si,xy − sj,xy|) · ρz(|si,z − sj,z|) · ρt(|si,t − sj,t|), (2)

where the distances between locations are computed in lateral, depth and time in the
different correlation functions. Here, the spatial correlation functions (ρz and isotropic
ρxy) are of a Matérn covariance function type with smoothness parameter 3/2, similar
to what was done in Fossum et al. (2019). The correlations at distance h are then
ρxy(h) = (1 + ϕxyh) exp(−ϕxyh) for lateral domain and ρz(h) = (1 + ϕzh) exp(−ϕzh)
for depth. The decay parameters ϕxy and ϕz are specified from ocean model data.
Assuming the correlation in time is fluctuating according to a less smooth process, we
use an exponential correlation function; ρt(h) = exp(−ϕth), with decay parameter ϕt

again set from the data of the ocean models.

3.2 Conditioning on measurements of ChlA

Assume that we have measured ChlA data atm locations S = (sS,1, . . . , sS,m). Denote
the associated log-ChlA data by length-m vector yS = (y(sS,1), . . . , y(sS,m)). These
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data are modeled as conditionally independent, given the true ChlA values. We then
have

y(sS,k) = x(sS,k) + ϵ(sS,k), k = 1, . . . ,m, (3)

where the zero-mean independent Gaussian noise terms ϵ(sS,1), . . . , ϵ(sS,m) have
variance Var(ϵ(sS,k)) = σ2

ϵ .
Recall that the Gaussian multivariate distribution in Eq.(1) holds for any size-n

and set Q of locations. It could be identical to the measurement set S or it could
be different locations. Next, we define a prediction or design set P with locations
sP = (sP,1, . . . , sP,n). In the adaptive sampling routine, we will be comparing several
such sets of potential designs to optimize the AUV data acquisition towards hotspots.
We are interested in predicting the ChlA variables at the design locations, i.e. xP =
(x(sP,1), . . . , x(sP,n)), given the available data yS . Using standard formulae of the
multivariate Gaussian distribution, the conditional distribution of xP given data yS is

xP |yS ∼ N (mP|S ,V P|S),

mP|S = µP +ΣP,S (ΣS +R)
−1

(yS − µS), (4)

VP|S = ΣP −ΣP,S (ΣS +R)
−1

Σt
P,S ,

where R = σ2
ϵ Im is the covariance matrix of the measurement errors of log-ChlA.

Moreover, ΣP,S is the size n×m cross-covariance matrix between log-ChlA variables
at locations sets sP and sS .

We note that the computational cost of these model updates depends on the
number m of conditioning points and the number n of prediction points. In particu-
lar, matrix factorization of order O(m3) is needed. To ensure that computation cost
remains moderate, one should keep the points in memory (S) small and only pre-
dict the points (P) that are relevant for the decision. Our framework keeps solely the
observed points in memory and only the local design paths under consideration are
predicted. This means that we do not use a regular grid covering the domain, but only
points from the observed AUV trajectory and potential continuations of this path.
This reduces the computation done at each step, but still keeps a high resolution where
it matters. Figure 2 a) illustrates the framework; the blue points are in memory at
step k, and the possible paths predicted are shown by the yellow points.

Even with this grid-free approach, computations can become infeasible to run on
the AUV computer. Especially so when the set of locations we condition on grows very
large. To keep the size of the conditioning set S sufficiently small, we reduce its size
during operation. This entails that conditioning points in space and time are thinned
when the computation time exceeds a threshold. Thinning occurs in two ways: First,
the sampling is typically denser than the spatio-temporal variation. Hence, every other
point can be removed. Second, over operation time, we remove far-away points from
the conditioning set. Due to the screening effect (Stein 2002), such thinning has very
little effect on the accuracy of the Kriging predictions.
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4 Sampling for hotspots

The goal of the AUV sampling is to find and explore hotspots of ChlA. Here, we use
expected improvement (EI) as a criterion for choosing the sampling design. We first
describe the EI and then put this into an adaptive sampling system.

4.1 Expected improvement

We define an improvement function that compares the predictive log-ChlA distribution
at any sampling location to the largest log-ChlA measurement gathered so far. At
the current stage of sampling, let xmax denote the largest measurement so far in the
sampling strategy. Building on the Gaussian predictive distribution for x(sP,i) at the
current stage, see Expression (4), with mean mi and variance v2i , the probability of
improvement is

P (x(si) > xmax) = Φ

(
mi − xmax

vi

)
. (5)

Here, Φ(z) is the standard normal cumulative distribution function. While the prob-
ability of improvement can guide sampling for hotspots, it is typically too focused
on exploitation rather than exploration. Running this strategy one tends to priori-
tize sampling at locations in the vicinity of the current optimum, having probability
near 0.5 of exceeding xmax but very small variance. On these aspects associated with
exploitation and exploration, there are benefits of instead running strategies based on
expected values of improvements.

Letting the improvement at a location si be I[x(si)] = max[x(si) − xmax, 0], the
EI is

E {I[x(si)]} = (mi − xmax)Φ

(
mi − xmax

vi

)
+ viϕ

(
xmax −mi

vi

)
, (6)

where ϕ(z) is the standard normal probability density function. The closed form solu-
tion of the expectation in (6) relies on a transformation of variables z = (x(si)−mi)/vi,
using that

∫
z exp

(
−z2 / 2

)
dz = exp

(
−z2 / 2

)
+ const, and Φ(z) = 1− Φ(−z).

EI is commonly used in the optimization of complex functions (Jones 2001), where
Bayesian optimization is used (Garnett 2023) over iterative stages of sampling. The
EI has a tendency of declining over sampling stages. In situations where one can
freely sample any location, an EI-based algorithm partly focuses sampling in high-
concentration areas while also spanning the domain for potential hotspots. In our
setting, the next-stage sampling design is constrained by the current AUV location and
its possible trajectories. Depending on the spatio-temporal variation, the EI criterion
strategy then sometimes guides the AUV to choose trajectories providing more local
information near established hotspot areas, but at other times it sends the AUV to
explore other parts of the domain. In doing so, the EI criterion provides sampling
design trajectories that naturally balance exploration and exploitation.

4.2 Sequential sampling algorithm

The sampling is done sequentially. At each stage possible sampling designs are
suggested with corresponding ChlA predictions conditional on previously observed
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locations. This sequential design is shown in Fig. 2, where the blue points illustrate
previously observed locations, the yellow points are possible design trajectories and
the red points indicate the chosen next sampling design. These paths are evaluated

Fig. 2: Illustration of the adaptive path planning. (a) Mode 1, which is activated
when the AUV (Black arrow) is at the surface and allows it to choose one of the seven
possible lateral directions in which to move. (b) Mode 2, where the AUV moves in
the selected direction from Mode 1 and now chooses the optimal depth along the way.
The green area indicates locations with a high concentration of ChlA. The yellow star
is the same point in both illustrations. It represents a surface location at the end of
the transect.

based on the EI, and the AUV trajectory is hence adapted to the previous sampling
locations and observations via the predicted mean and variance.

The sequential sampling procedure is split into two modes; Mode 1 (Fig. 2 (a))
chooses the lateral direction and Mode 2 (Fig. 2 (b)) chooses the sampling depth.
In Mode 1 (Fig. 2 (a)), the agent is at the surface and makes a choice about which
lateral direction to sample for the next stage. Here, the seven possibilities in a spider
leg design are evaluated, and for the illustration in Fig. 2 (a) transect number 5 is
selected (indicated in red). Mode 1 effectively chooses the direction and an endpoint
for the transect. In Mode 2 (Fig. 2 (b)), the AUV adapts to sample at interesting
depths while moving along the direction selected from Mode 1. In the second phase,
again based on the EI, the best sampling depths are chosen (red line in the illustrative
Fig. 2 (b)). The sampling depths are restricted by the diving angle of the AUV which
again depends on its velocity and trim. For our field experiment the diving angle
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range is 10 degrees giving 17 m vertical per 100 meters lateral. Based on this, we
ended up evaluating nine possible depths. Depth flexibility is also restricted by the
fact that the AUV returns to the surface at the end of the transect to get a GPS
fix. For the practical implementation of the experiment, an important consideration
is determining how long the AUV stays underwater. Equivalently, the distance of a
transect (to yellow star in Fig. 2). As inaccuracies in the internal position estimate
accumulate over time, especially with strong currents at the sampling location, too
long a time under water can be risky. In the field experiment we used 800 m transects.
Note also that the strategy with Mode 1 and Mode 2 means that the AUV avoids
lateral turns when underwater, this can reduce the positioning error.

For a complete description of the suggested adaptive sampling algorithm, we need
to introduce some more notation. Assuming we are at stage k of the sequential strategy,
we denote the prediction points along a design path by Pj

k = (p1,p2, . . . ,pm) for
paths j ∈ {1, 2, ..., J}. Further, all the previous sampling data are y(S1:k−1) made at
locations set S1:k−1 at stages 1, . . . , k − 1. Then we can use the onboard GRF model,
see expression (4), to predict x(pi)|y(S1:k−1) ∼ N (mi, v

2
i ) for pi ∈ Pj

k. EI is used to
select the best design path:

Best pathEI,k = argmax
j∈{1,2,...,J}

max
pi∈Pj

k

E {I[x(pi)]} = argmax
j∈{1,2,...,J}

EIjk. (7)

When the AUV has moved along the selected transect, the data dimension is increased
and the onboard GRF has more data to assimilate for stage k + 1, and so on.

Algorithm 1 summarizes the steps required for our sequential sampling and data
assimilation. The algorithm also indicates that data are thinned over operation time, to
avoid too large computation costs. At the core of the algorithm is the design evaluation
and the selection of a best path. This has a function call with a separate last input
parameter for Mode 1 and 2. Algorithm 2 summarizes the steps used to get the best
path. Here, the EI evaluations along each potential transect is the critical acquisition
function, providing the basis for optimal design choice and efficient adaptive sampling.
When we compare the EI results with that of using other acquisition functions, this
line is changed in the code.

5 Simulation Study

5.1 Simulation Setup

In the simulation study, we assume that an AUV moves over time in a 3D box mea-
suring 4 km × 4 km with a maximum depth of 75 m. In this box, we generate 100
different time-space varying random fields using the GRF described in Section 3 with
ϕz = 1/8, ϕxy = 1/400 and ϕt = 1/14400. The prior mean varies with depth and
time of day, mimicking a DVM model. It has no trend in lateral space. The AUV has
different fixed start points in each of the 100 fields. The AUV has 4 hours to sample
inside the domain, and it moves with a speed of 1 m/s. To mimic real conditions, the
AUV must return to the surface periodically, in this case, every 1000 m operation dis-
tance. While sampling a transect, the AUV can dive with a maximum angle of 13o.
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Algorithm 1 Sampling ChlA hotspots in stages

Require: Current position snow, mean field µ(s), standard deviation σ, correlation
function ρ·(h), and operational domain D, transect length Ltrans, depth seeking
step length Ldepth, maximum update time tupdate.

1: Initialize S0 = ∅, y0 = ∅, xmax,0 = 0.
2: for each time step k = 0, 1, . . . do ▷ Loop over stages
3: Mode 1: ▷ Fig 2 (a)
4: Pk = GetBestPath(snow, Ltrans,S1:k−1,0,y1:k−1,0, ,m1:k−1,0, xmax, 1 ) ▷ Eq (7)
5: Set WPgoal at the surface at the end of Pk

6: for each depth step l = 0, 1, . . . until snow is close to WPgoal do
7: Mode 2: ▷ Fig 2 (b
8: Pk,l = GetBestPath(snow, Ldepth,S1:k−1,l−1,y1:k−1,l−1,m1:k−1,l−1, xmax, 2)

▷ Eq (7)
9: Move agent along path Pk,l collecting measurements yk,l on locations Sk,l

10: Update S1:k,l = (S1:k,l−1,Sk,l) and y1:k,l = (y1:k,l−1,yk,l)
11: Compute mS1:k,l

and V S1:k,l
conditional on data y1:k,l at S1:k,l ▷ Eq. (4)

12: Update xmax = max[mS1:k,l
]

13: if Time to update model is greater than tupdate then
14: The points in memory are thinned
15: end if
16: end for
17: end for

The depth-seeking step length is set to Ldepth = 100 m, meaning the AUV chooses
new depths 10 times during each transect.

For each of the replicate fields, adaptive AUV sampling is conducted with the
suggested EI approach (Algorithm 1 - 2). We also compare the EI hotspot sampling
criterion with other methods relying on the same type of sequential updating sketched
in Fig. 2 and described in Algorithm 1. For this purpose, we simply switch EI with
other acquisition functions, enabling a seamless comparison. We refer to this as using
different agents. We here study

• maximum variance; picking the direction with the largest variances
• maximum expected intensity; picking the direction with largest expectation values
• lawnmower; systematically moving through the domain, spanning the area
• probability of improvement (see Equation 5),
• EI (see Equation 6)

All strategies are adaptive, except the pre-scripted lawnmower strategy.
Example paths of four agents are shown in Fig. 3. The displays show results for

one of the replicate runs. The start, end and sample paths are illustrated in a map
view, while the depths of the agents are indicated by the color-codes. We observe char-
acteristic behavior for the different agents. Fig. 3 (a) illustrates how the lawnmower
follows a yo-yo path; down to the maximum depth and up again, etc., along the path.
In Fig. 3 (b), the maximum variance agent spans the spatial domain, moving to the
maximum depth, and then back up, while attempting to sample locations far away
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Algorithm 2 GetBestPath

Require: The current position snow,the distance of the path L , previous data yS
at points S with estimated intensity mS , maximum estimated intensity xmax and
the mode for making the paths.

1: Define the paths {Pj}Jj=1 from snow with a length L according to the mode ▷
Modes illustrated in Fig 2

2: Set EImax = 0
3: Set P∗ = ∅
4: for each depth path Pj , j = 1, . . . , J do ▷ Design evaluation
5: Predict mPj and V Pj conditional on data yS at S. ▷ Eq. (4)
6: Compute EIj = maxpi∈Pj E{max[x(pi)− xmax, 0]} ▷ Eq. (6)

7: if EIj > EImax then
8: EImax = EIj

9: Set P∗ = Pj

10: end if
11: end for
12: Return P∗ ▷ Returning the best path

from those previously sampled. Fig. 3 (c) shows the EI agent, which balances explo-
ration and exploitation. It spans a rather large part of the domain in this case. The
survey depth varies along the path, occasionally doing more exploration to full depth.
The maximum expected intensity agent is shown in Fig. 3 (d). This agent tries to
sample the region with the highest expected values in ChlA, and if it finds a region
with high values, it can get stuck there. In the plot, we can see an extreme case of
this greedy behavior where the agent is very focused in the south-eastern parts of the
domain. Notice that it also remains at nearly the same depth, except when it needs to
rise to the surface. The agent shows a high degree of exploitation, without exploring
new locations.

We compute several metrics to study the properties of the various agents. When
evaluating performance, we are mainly interested in assessing two attributes: i) the
agents’ ability to find and measure hotspots, and ii) how well these regions are
explored. For each replicate run and for each agent, we evaluate metrics related to i)
and ii). The comparison of different agents is then based on attribute statistics over
the 100 replicate runs.

For the ability to find and measure hotspots, we register the proportion of time
that the AUV samples at a location that can be considered a hotspot in ChlA. Here,
a hotspot is defined as a location with a log-ChlA value above the 90th percentile of
the distribution for the whole field and the entire run length. The computed attribute
is then

Prop(x0.90) =
1

nsamples

nsamples∑
i=1

1x(si)>x0.90
, (8)

where the indicator function 1A equals 1 if event A occurs and is 0 otherwise.
We also look at the conditional variance for regions that are above the 90th per-

centile threshold, as provided by the ground truth of each replicate. At regular time
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Fig. 3: Example paths of four different agents on the same replicate ChlA field. The
start and end points are marked, and the depth is indicated by the color-code along
the path.

intervals, we compute the conditional variance for these locations using equations (4).
The mean variance for the points above the threshold is recorded.

Related to the second performance attribute the ability to explore distinct high
ChlA value regions is explored. The domain is split into N smaller non-overlapping
regions R = {Ri ⊂ D|i = 1, . . . , N}. The dimensions of each of these regions Ri are
hx × hy × hz × ht, with lengths defined using the correlation functions ht = ρ−1

t (0.5),
hx = hy = ρ−1

xy (0.5) and hz = ρ−1
z (0.5) from equation (2). This choice means that

regions are split up such that measuring one region only gives partial information of a
neighboring region. For each of the regions, we define x̄Ri as the average value. Then
the hotspot regions are defined as H = {Ri ⊂ R|x̄Ri > x̄0.9}, e.g. the 10 % regions
with the highest average values. Thus, we count how many hotspot regions an agent
has visited along a path S using

HV S = {Ri ⊂ H|∃s ∈ S such that s ⊂ Ri}. (9)
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An illustration of the hotspot regions H, hotspot regions visited HV S , and the AUV
path for a 2D illustration can be found in Figure 4. The number of hotspots is here
n(H) = 10 and the number visited is n(HV S) = 6. Note that this display is for
illustrative purposes only. In the simulation study these boxed also have depth and
time dimensions. From this illustration there are 2 distinct hotspots clusters. These
clusters can be defined as a set of hotspot regions neighboring at least one other in
the same cluster, therefore each hotspot region belongs to one and only one cluster

Ck = (H
(k)
1 , H

(k)
2 , . . . H

(k)
j ). We keep track of how many clusters n(CV S) that are

visited by the AUV, and build on this to study how well each cluster is explored. The
proportion of regions visited in a cluster is then n(HV S ∈ CK)/n(H ∈ Ck). Because
the various regions have very different sizes, we look at the weighted exploration of
each cluster;

WCE =
1∑

Ck∈C log(n(Ck))
∑
Ck∈C

n(HV S ∈ Ck)
n(Ck)

· log(n(Ck)). (10)

Here, n(·) simply counts the elements in the set. In summary, we look at how many
clusters are explored and how well the clusters are explored.

5.2 Simulation Results

The main results of the simulations are shown in Fig. 5 and 6. Fig. 5 (a) shows the
proportion of sampling time above the threshold as defined in Equation (8). Fig. 5 (b)
shows the mean conditional variance for regions in the 90th percentile. In display a)
we notice that the plot increases for all acquisition functions except lawnmower and
the maximum variance strategies, the latter settles at spending about 10 % of the time
in the 90th percentile regions. Maximum EI increases the fastest and stabilizes at the
highest level, surpassing the probability of improvement and the maximum expected
intensity. One might expect that maximum expected intensity would perform a bit
better here, but it can often get stuck in local maximum that are below the threshold
value. Note that the shape of EI and other curves fluctuates at the rate of surfacing.
When doing so, the agent goes away from the interesting areas. The results look a bit
different when looking at Fig. 5 (b). For all agents there is a steady drop in variance
at true hotspot locations. Not surprisingly maximum expected intensity drops the
slowest because it does not explore well. While the lawnmower and maximum variance
spend little time in the 90th percentile of the field, the conditional uncertainty of these
regions are comparable with agents that spent much more time in these regions, like
probability of improvement and EI. On average EI still performs slightly better. One
can also look at the conditional variance of the whole field and not just the top 90th
percentile, then maximum variance and lawnmower perform better than EI.

Fig. 6 shows the mean proportion of visited clusters (a) and the mean weighted
cluster exploration (b) over the operation time. The maximum variance ends up visit-
ing the most clusters, but it does not explore them very well. EI visits the second most
clusters and explores them the best. Interestingly, the strategy aiming for the maxi-
mum expected intensity of ChlA is doing quite well in Fig. 5, but in Fig. 6 the line is
almost flat, meaning that once it finds a cluster it fails to explore more of the field.
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Fig. 4: Map view of a simulated field. The yellow line shows the path of the AUV,
the red boxes show the hotspot regions R, the highlighted red boxes show the hotspot
regions visited by the AUV, the red line is a contour line at the 90 percentile. This
also shows two separate hotspot clusters. Note that this is just a 2D illustration, in
the simulation study depth and time is also taken into account.

As mentioned, one can measure other ocean variables with sensors on the AUV. It
is then worth asking if additional data would be informative of ChlA. To study this
closer, we analyzed field data of ChlA, temperature and salinity. There appears to be
a significant correlation between ChlA and the vertical temperature gradient. That is,
ChlA tends to be large then the temperature change with depth is not very negative,
while ChlA gets smaller when the temperature declines with depth. There is also some
correlation with salinity, but not so clear. Based on this, we construct a bi-variate GRF
model with temperature change with depth and log-ChlA. This bivariate model is build
on similar correlation functions for each variable and a Kronecker product assumption
so that the variances remain stationary and the cross-correlation between temperature
change with depth and log-ChlA remain constant at all locations. Measurements of
both attributes are used to update the bi-variate fields, assuming the yo-yo movement
of the AUV would gauge the temperature gradient accurately. EI in log-ChlA was used
to guide the sampling. Results indicate that EI strategies with the bi-variate fields
are reducing the variance for hotspot regions if there is large variance in log ChlA
measurements and high cross-correlation between log ChlA and temperature gradient.
However, for realistic levels of ChlA measurement error, the cross-correlation values
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(a) (b)

Fig. 5: a) Mean proportion of the agents’ sampling above the threshold for the dura-
tion of the simulation. The shaded area is a 95 % confidence interval for the mean
computed over the 100 replicates. Some of the lines are a bit jagged due to the agents
periodically going to the surface, rather than where the intensity is the highest. b)
Conditional mean variance above the 90th percentile threshold
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Mission duration [hrs]

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0.200

W
ei

gh
te

d 
pr

op
or

tio
n 

of
 re

gi
on

s v
isi

te
d 

in
 c

lu
st

er
s

Weighted proportion of regions visited in clusters for different agents
Expected Improvement
Probability of Improvement
Lawnmower
Max Variance
Max Expected Intensity

(b)

Fig. 6: a) Mean proportion of clusters visited and b) Weighted exploration of the
clusters.

must typically exceed 0.9 for this bi-variate modeling to have a visible effect. In our
field data, there was not more than 0.5 cross-correlation.

Going beyond multi-variate modeling, it is here interesting to conduct multi-
objective optimization (Gunantara 2018), where one is interested in hotspots of
multiple variables. On this topic, the expected hypervolume improvement is a popular
acquisition function, see e.g. Yang et al. (2019), but it can be challenging to compute
this quickly in spatio-temporal settings that we have considered here.
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(a)

(b)

Fig. 7: (a) The path of the AUV in latitude and longitude for the two deployments.
The deployments happened on June 6 (blue line) and 7 (orange line). (b) The AUV
used for the deployments.

6 Results of mission in Norwegian coastal waters

We now describe results from the AUV field deployment in Norway.

6.1 Description

The experiments were carried out in early Summer of 2024. The survey area is off
the west coast of mainland Norway (Fig. 7 (a)), about 100 km from Trondheim. We
conducted surveying on two different days.

In both deployments, the adaptive EI algorithm (see Algorithm 1-2) was applied
to select the path directions and survey depths, see Fig. 2. These experiments were
part of a larger field deployment that involved other vehicles. One of the overall goals
was to run several robots with only a few engineers in the field while most of the
vehicle operators and the scientific staff were working remotely from a control center
in Trondheim (Barstein 2024). Such operations could make future missions more cost-
effective and minimize risk.

6.2 AUV setup and software

The AUV used in the two deployments is shown in Fig. 7 (b). It is a Light Autonomous
Underwater Vehicle (LAUV) The primary computational unit of the LAUV is the
NVIDIA Jetson TX2. The vehicle’s onboard algorithmic capabilities are augmented
through the integration of an adaptive sampling framework (Mo-Bjørkelund et al.
2020), which mediates message exchange between the Robot Operating System
(ROS) (Quigley 2009) and DUNE (Pinto et al. 2013). Communication among the

17



vehicle’s components utilizes the Inter-Module Communication (IMC) protocol (LSTS
2022). The integration follows the scheme outlined in Ge et al. (2023), providing
additional insights into the ROS-IMC bridge. Pre-launch protocol tests consisted of
standard remote control verification.

During the missions, the AUV was carrying several sensors. For detecting ChlA
concentration, a RBR Tuner Cyclops7 Fluorometer sensor was used. This the sensor
used for adaptive sampling. Additionally, used for off-line comparison, an AML Smart
X CTD was used to measure salinity and temperature, and a SilCam was used for
detecting zooplankton copepods. This SilCam was developed by SINTEF and mounted
on the AUV. It works by taking pictures of a small water volume that is illuminated
from below, similar to bright-field microscopy, but with lower magnification.

6.3 Adaptive sampling mission

For the field experiments the maximum depth was set at 70 m, Ltrans = 800 m,
maximum submerge time 15 minutes, dive angle to 10o and AUV speed 1.1 m/s. The
maximum depth was set based on the topography of the seabed and Ltrans was set so
that the AUV could reach the maximum depth of 70 m with a 10o and return to the
surface. The maximum submerge time of 15 minutes is more of a safety mechanism
if the AUV fails to make fast enough progress towards the end of the transect. The
number of directions for Mode 1 was set to 7 and the number of depths for Mode 2
was set to 9.

Fig. 8 shows the diving depths for the AUV for the two experiments on two different
days. As described in Section 4.2, the AUV started out with a yo-yo transect to a
maximum depth of 70 m. After this initial dive, the AUV was free to dive at whatever
depth was best according to the adaptive sampling approach described in Algorithm
1. After the initial dive, it never returned as deep as 70 m but rather stayed at depths
around 10-30 m, which is where the ChlA measurements were highest (color-coded in
the displays). Note that the AUV was programmed to return to the surface every 15
minutes or 800 m, whichever came first, to correct the position using GPS. In one of
the missions, there was also a longer pause where the AUV stayed on the surface. The
implementation assumed deterministic values for estimated pose, but this could likely
be extended by applying a kernel weight accounting for the pose error estimate from
e.g. the extended Kalman filter or unscented Kalman filter (Allotta et al. 2016).

In Fig. 9, scatter plots of ChlA measurements and depth are visualized for both
survey days. The displays indicate the depths with the highest ChlA concentration.
The AUV sampled quite clear layers with high ChlA concentrations in both missions.
On the first day, Fig 9 (a), the highest concentration is found at 0-25 m depth, while
it is somewhat deeper at around 10-30 m for the second survey day shown in Fig 9
(b). It also appears that the layer is somewhat narrower on the second day.

6.4 Other sensors

Off-line, we looked at the other data attributes gathered during the missions; tem-
perature, salinity and zooplankton copepod counts captured by the SilCam. We now
discuss their connections to ChlA.
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(a) (b)

Fig. 8: Depth of the AUV during the two missions, (a) 2024.06.06 and (b) 2024.06.07.
For the first dive, the AUV was instructed to go down to 70 m. Subsequently, the
depth was chosen adaptively. In this case, the AUV focused on depths ranging from
10 to 30 m on both survey days. The colors indicate the measured ChlA, indicating a
layer of ChlA.

(a) (b)

Fig. 9: Scatter plot showing the depths with the highest ChlA measurements for both
missions. There is a clear layer where the concentration was higher. On 2024.06.06
(a), it was at a depth of 0-25 m. On 2024.06.07 (b) it was around 10-30 m.

We first investigate how salinity and temperature vary with depth during the two
missions. In Fig. 10, we notice a transition in temperature and salinity (first axes in
the displays) at around 40 m. Especially for temperature, this is rather sharp and it
could indicate a layer shift from almost constant temperatures to much colder regimes.
This seasonal thermocline is typical during Spring in the North Atlantic (Brody and
Lozier 2015), creating a separation between the warmer fresh water at the top and
the colder salt water in the deep. The thermocline remains relatively stable during the
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(a) (b)

Fig. 10: Salinity and temperature measurements against the depth for the two exper-
iments, (a) 2024.06.06 and (b) 2024.06.07, the color indicates the ChlA measurements.

two experiments (Fig. 10a-b). The ChlA concentration (color-coded in the displays) is
rapidly decreasing when moving deeper than the well-mixed zone in the upper layer
of the two water masses. This correlation in ChlA and vertical temperature gradient
inspired our bivariate studies in the simulation study, and we think more nuanced
bivariate modeling and multi-objective optimization methods would be useful to better
understand this phenomenon.

Next, we study the distribution of copepods captured by the SilCam. Specifically,
we look at Calanus Finmarchicus which is an abundant zooplankton species of Calanus
in the survey area. Calanus may graze on the available phytoplankton. The frequency
of the SilCam was set at 1 Hz during the experiments. The raw SilCam images were
processed off-line in two steps: the first is to segment the images into relevant particles,
and then use a convolutional neural network (CNN) to classify the particles.

Fig. 11 shows some of the pictures taken from the AUV during the two missions.
We compare these with images taken in a laboratory setting. The laboratory images
are much clearer than those taken in the field deployments, but we still recognize the
general shape and size of the zooplankton. Note that the pictures from the field in
Fig. 11 (b) are in various orientations, and for some of them, the thinner parts of the
Calanus are partially or fully cropped by the processing software.

After examining the particles captured by the AUV SilCam, we filter out those
that are likely Calanus. These images are then time-stamped, allowing us to correlate
them with the data from other sensors. By merging data from the two deployments,
we study relations between Calanus count and depth (Fig. 12 a) as well as Calanus
count and ChlA (Fig. 12 b). For the comparison between depth and Calanus count,
the leftmost display shows the mean number of Calanus per image for various depths
(second axis). The mean (red) is estimated by fitting a Poisson generalized additive
model (GAM) (Rigby and Stasinopoulos 2005). A 90 % bootstrap confidence interval
is shown in shaded blue. The rightmost display in a) shows a scatter plot of the number
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Fig. 11: (a) Images of Calanus Finmarchicus from a lab setting (Photo: top Cameron
Thompson/UM-Maine, bottom: Dag Altin, BioTrix ). (b) Images that could be
Calanus Finmarchicus taken from the AUV using the onboard SilCam. The images
in (b) are all on the same scale.

of Calanus that can be identified per image and the depth at which the images are
taken. Similar to the ChlA, the Calanus intensity seems to form a layer at shallow
depths, around 10-25 m. Fig. 12 b) shows a GAM fit of the mean number of Calanus
per image as a function ChlA (second axis) and a scatter plot of Calanus count and
ChlA measurements at the location where the image was captured. Note that the
bootstrap interval is cropped for large values of ChlA because the uncertainty is very
high. The plots strengthen our belief that there were more Calanus at places with
high ChlA values. This suggests that there was a layer of Calanus grazing on the
phytoplankton near the surface during the experiments.

There are some drawbacks to using this SilCam on the AUV that are worth men-
tioning. First, the AUV must maintain a speed of at least 1 m/s for maneuverability.
However, this speed is still quite high for capturing sharp SilCam images. Hence, it
turns into a balance of exposure time, motion blur, and image noise. This makes accu-
rate species identification difficult. Second, there is the possibility that the Calanus has
an avoidance reaction to the hydrodynamic disturbances caused by the AUV (Buskey
et al. 2002), resulting in a rapid movement away from the AUV and the imaging
chamber. Despite these challenges, we foresee that real-time operations assimilating
SilCam data as well as ChlA data (and temperature and salinity) would be a very
interesting avenue for gaining further insight in the multivariate dependence and for
doing multi-objective adaptive AUV sampling. With the mentioned issues, it is how-
ever challenging to transition from the relative intensity of Calanus to an estimate of
biomass or abundance. Only via net samples in select AUV sampling locations could
one attempt to calibrate the AUV measurements.
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(a) (b)

Fig. 12: Calanus counts from SilCam images for various depths (a) and for ChlA
values (b). The images with the most Calanus can be found at depths of 10-25 m and
at ChlA levels of around 2-4. The red line indicates the mean Calanus per image, the
shaded area is a 90 % bootstrap confidence interval.

7 Closing remarks

We have presented an adaptive AUV sampling algorithm designed to efficiently map
hotspots of ChlA in both space and time. The algorithm relies on a spatio-temporal
GRF model running onboard the AUV. This model is updated with new ChlA mea-
surements and fast computations of the EI acquisition function are used when the
AUV chooses its next design path segment.

A key merit of our approach is its scalability - it relies on data values alone and
no big grids. It forms the needed small-size grid directions on the fly, for the required
sampling evaluations. For long-time operations, we further thin the data samples and
remove far-away data.

A simulation study demonstrates that using EI yields more efficient sampling than
other criteria. In the field test off the coast of Norway, adaptive sampling guides the
AUV to depths around 5-30 m, where there appears to be the most ChlA. Off-line,
we relate the ChlA samples to zooplankton images made in the field. Despite the
difficulties of labeling image data, we notice clear correlations between the intensity of
high-quality zooplankton images made by a SilCam and the high ChlA sample values.

In the future, we aim to connect more of the multivariate ocean data for longer-
term sampling. This entails more nuanced prior modeling of both the ChlA variations
and Calanus density, and fitting realistic multivariate space-time variation in the GRF
models. We also aim to improve image classification algorithms for the intensities of
various plankton types, and embed these in real-time operations decisions for effective
sampling. For future tests, several high-quality net samples should be done to correlate
with the different sensors. Only then can one aim to grasp more of the mechanisms
underlying the plankton migrations. Note that there can also be a feedback loop here,
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where the AUV samples and associated predictions inform us about where and when
to gather water samples.
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 A B S T R A C T

Despite advances in adaptive sampling, existing methods predominantly rely on myopic (greedy) strategies 
and single-objective criteria, which inadequately balance long-term exploration and exploitation. Moreover, 
obtaining real-time computations with complex, time-varying models remains challenging. With the goal of 
effective sampling of oceanographic variables by autonomous underwater vehicles, we propose a long-horizon 
adaptive sampling system that integrates a flexible cost valley concept with a non-myopic path planner. Our 
method addresses autonomous navigation within a fixed time frame while adaptively sampling ocean variables 
and avoiding obstacles, aiming to reduce the expected variability or classification error at river plume fronts. 
The novelty of our approach lies in combining variance and classification metrics as sampling objectives into 
a weighted cost surface that guides the vehicle along its minimal-cost path. We implement this concept using 
a rapidly exploring random trees (RRT*) strategy for non-myopic path planning. Simulation results based 
on 100 replicates demonstrate differences in traffic flow, root mean square error, variance reduction (VR), 
and integrated Bernoulli variance (IBV) under various cost weightings for RRT* versus a myopic approach. 
The equal weight cost valley appears robust, yielding prediction metrics closer to those in extreme IBV or 
VR-dominant cases. Statistical results further show that RRT*-based planning achieves only slightly better 
numerical scores than the myopic method—for example, an IBV of 75.76 (SD 7.26) compared to 75.93 (SD 
6.4). A 2.5-hour field trial in a Norwegian fjord confirms that the AUV successfully runs the long-horizon 
adaptive sampling algorithm in real time on its onboard computing units.
1. Introduction

With the advent of edge computing and the Internet of Things, there 
has been a drive towards embedded sensing and computing systems, 
facilitating active learning for exploration and monitoring, using for 
instance autonomous underwater vehicles (AUVs) to investigate various 
oceanographic phenomena. Recent overviews of opportunities for AUV 
sampling are provided by [1,2]. The benefits of AUV exploration are 
fast deployment and guided in-situ measurements without much human 
involvement. By bridging statistical modeling, embedded computing 
and sensor technology, adaptive sampling forms AI-based decision 
systems onboard the AUV for choosing optimal sampling locations. 
This choice of where to sample make deployments more effective in 
the under-sampled ocean. Various adaptive sampling methods have 
gained interest in oceanographic applications such as quantification 
of plankton [3], chlorophyll [4,5], benthic habitat mapping [6,7] and 
frontal zones characterization [8–10]. However, these currently used 
algorithms are greedy (myopic) and/or optimized towards a single 
objective. Building on earlier contributions, our goal is to develop new 
long-horizon algorithms for AUV sampling using multiple objectives.

∗ Corresponding author.
E-mail addresses: geyaolin@gmail.com (Y. Ge), jo.eidsvik@ntnu.no (J. Eidsvik), andre.j.h.olaisen@ntnu.no (A.J.H. Olaisen).

1.1. Problem statement

Frontal regions have been recognized as important for physical and 
biological oceanography [11]. We are particularly interested in river 
plumes in this paper. There has recently been much research on the 
transformation of river freshwater discharge and its dissolution into the 
ambient ocean, see e.g. [12] for a review. This is important for instance 
in the context of agricultural run-off and understanding how riverine 
nutrients reach the open ocean [13].

Fig.  1(a) shows a satellite image illustrating typical water mass 
mixing during Spring in the Trondheim fjord, Norway. Although it 
is not obvious how to interpret the different colors in an image like 
this, one recognizes river water masses with different sediment types. 
To build more nuanced models, one typically also relies on numerical 
ocean models and in-situ measurements for calibration.

We zoom in on the Nidelva river (Fig.  1(a)) in this study, with 
the goal of characterizing the river plume region using ocean models 
and an AUV. Fig.  1(b) shows the salinity field from numerical ocean 
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Fig. 1. (a) Sentinel-2 image of ocean water mixing on June-4th, 2021 in the Trondheim fjord. The arrow points out the Nidelva river outlet which we are interested in. (Courtesy 
of the Copernicus, ESA.) (b) Numerical ocean model data for surface salinity on May 11th, 2022. (c) In the selected operational area, the outer polygon draws the border for the 
AUV operation whereas the inner polygon shows an unsafe region. The small red dot shows the start location and the big blue dot shows where to end the deployment.
model SINMOD [14] on 11 May 2022. SINMOD (https://www.sintef.
no/en/ocean/initiatives/sinmod/) is a multi-purpose numerical ocean 
model that can be connected to biological oceanography models with a 
broad spectrum of applications. For our situation, we focus only on the 
salinity output from SINMOD. The results in Fig.  1(b) are constructed 
by averaging numerical ocean model data over time. It shows multiple 
river outlets causing regional river plumes.

For the AUV field deployment, the operational area is chosen based 
on the interesting parts of the outputs from the numerical ocean model 
(Fig.  1(b)). The outer polygon draws the border for safe operation, 
2 
whereas the inner polygon is an unsafe region due to shallow waters. 
For autonomous operation, we select a start location (small red dot to 
the east in Fig.  1(c)) and an end location (big blue dot in Fig.  1(c)). The 
objective is then to conduct long-term AUV sampling without human 
intervention. Hence, the robot must travel from the start location to the 
end location while sampling the salinity field informatively, and ensure 
operational constraints such as avoiding the shallow region near the 
island in the center and that of time or traveling distance budgets.

The start location and end destination are chosen to enable reason-
able mapping of the entire river plume frontal region, well within the 

https://www.sintef.no/en/ocean/initiatives/sinmod/
https://www.sintef.no/en/ocean/initiatives/sinmod/
https://www.sintef.no/en/ocean/initiatives/sinmod/
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Fig. 2. (Left) The adaptive agent follows the sense-plan-act framework. (Right) An illustration of myopic (near-sighted) and non-myopic (long-horizon) path planning strategies, 
shows the challenges posed by local optima and the pursuit of the global optimum.
specified distance budget. A critical challenge lies in developing ro-
bust path-planning strategies that balance exploration and exploitation 
objectives to achieve effective AUV deployment for salinity sampling.

1.2. Literature review

In using only one agent (AUV in our case) to conduct adaptive 
sampling, dominating methods can be grouped into either myopic 
(greedy) or non-myopic approaches. Myopic strategies guide the agent 
towards the most informative location selected from a subset of can-
didate locations within the myopic (near-sighted) neighborhood ra-
dius or short horizon. Spatial sampling must balance exploration and 
exploitation [15], and greedy algorithms can fail at revealing new 
interesting areas that are not in the vicinity of the current location. 
Non-myopic strategies can alleviate such challenges by expanding their 
search horizon [16]. We will focus on non-myopic approaches in this 
presentation. [17] demonstrated long-horizon algorithms in a small-
scale case study where the shapes of unknown objects are revealed 
by a robot arm, using prediction variance reduction as the main cri-
terion. [18] presented an idea of using cost-aware rapidly exploring 
random trees (RRT*) to generate sampling paths based on cross-entropy 
as a cost function. However, the computational costs associated with 
such non-myopic algorithms are usually very high. There are marine 
field applications using RRT*. [19] demonstrated autonomous naviga-
tion for surface vessels and [20] used RRT* onboard an AUV but only 
for standard occupancy maps. It has shown difficulty to apply methods 
such as RRT* for large-scale onboard computations in the ocean. In 
particular, the tree expansion used in such algorithms is challenging 
in real-time operations, and with limited trees it loses some of its 
exploration strengths. It is interesting to find ways to robustify the 
tree construction, for instance by combining multiple criteria in the 
objective function used for sampling.

Adaptive sampling relies on a criterion that allows the agent to rec-
ognize high or low costs and rewards. In some sampling situations, one 
can explicitly relate the rewards or costs of sampling to an underlying 
decision situation, and then compute the value of information in mone-
tary values [21]. But in many cases, the reward is more ambiguous, say 
via occupancy grids for presence or absence of a feature [22], reduced 
variance or entropy of a field variable [23–26] or by identifying hot 
spots in the field or the different water masses [9,10,27]. Moreover, 
very high costs should be assigned to collisions or neglected time 
constraints. We will focus on a multi-objective cost function here, and 
in doing so we incorporate both information rewards and operational 
costs. Others have looked at multi-objective cost functions for path 
planning, albeit not for AUV sampling. For instance, [28] applied a 
3 
cost map approach to optimize path planning in different case studies 
within a predefined configuration space. Similarly, [29] showed the 
feasibility of utilizing a blended cost map based on the weighted 
sum of sub-components for rough terrain path planning using RRT. 
For an AUV setting, a simple multi-objective is a balance between 
hotspots (large prediction) and large variance. [30] used this model and 
a branch-and-bound approach for non-myopic sampling of dissolved 
oxygen. Maybe most similar to our suggested approach, [31] showed 
the benefits of multiple objectives in the setting of evolving mission 
policies where an AUV goes back and forth between two locations 
while avoiding obstacles and staying in a thermal layer. Recent ad-
vances have further emphasized the need for multi-objective planning. 
For example, [32] introduced a multi-strategy adaptable ant colony 
optimization algorithm that dynamically adjusts to multiple planning 
criteria, and [33] proposed enhancements in heuristic mechanisms for 
handling dynamic environments. These studies underscore the growing 
trend toward integrating adaptive weighting and long-horizon con-
siderations, motivating our introduction of a flexible cost valley that 
seamlessly combines operational safety with informative sampling ob-
jectives. We go beyond this in the way we update a statistical model 
onboard and use RRT* for planning.

1.3. Novelty and outline

Fig.  2 (left) illustrates the common sense-plan-act framework where 
an agent over stages senses the environment, plans where to go next 
and then commits to that plan (acts) for the current stage. Using non-
myopic (long-horizon) rather than myopic (greedy) planning (right 
display of Fig.  2), the agent is less prone to search for local optima but 
rather aims for the long-term goal of sampling. In this study, we design 
a non-myopic adaptive sampling system for agents mapping boundaries 
or fronts. Here, one aims to characterize the front accurately while also 
exploring the domain. In this sense, we define our objective function 
as a balance between reducing (i) the classification error or frontal 
set uncertainty and (ii) the integrated variance. Building on these two 
along with collision avoidance and time constraints, we form the cost 
valley. This is used in the onboard path planner.

The main contributions of this paper are:

• A versatile multi-criterion cost surface where its cost valley de-
fines promising agent sampling paths.

• A RRT* algorithm for exploring the cost valley in a long-horizon 
planner.

• An AUV field deployment sampling a river frontal zone based on 
RRT* and the cost valley concept.
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In Section 2, we outline our statistical model running onboard the 
agent. In Section 3, we present the cost valley concept. In Section 4, 
we study the properties of the suggested approach using simulations. 
In Section 5, we show the results of the AUV field deployment. In 
Section 6, we conclude and point to future research directions.

2. Spatio–temporal model

We here define the Gaussian spatio–temporal surrogate model for 
the ocean salinity. The main benefit of having such a Gaussian sur-
rogate model is that it enables real-time model updating onboard the 
AUV.

2.1. Prior model

A spatio–temporal prior model for salinity is trained from SIN-
MOD numerical ocean model data. This prior represents a statistical 
surrogate model of the complex physical processes in the ocean, that 
nevertheless mimics the key trends, variability and correlations of 
salinity in space and time for our case study. The prior model is here 
defined as a spatial auto-regressive Gaussian process model [34].

We assume a spatially discretized domain of 𝑛 locations; 𝒖1,… , 𝒖𝑛
where {𝒖 ∈  ⊂ 2}. This grid covers a lateral domain, with depth 
fixed at 0.5 m. Times are indicated by 𝑡 = 0, 1…, discretized in a regular 
sampling time interval. We denote the spatio–temporal salinity variable 
by 𝝃𝑡 = (𝜉𝑡,𝒖1 ,… , 𝜉𝑡,𝒖𝑛 )

𝑇 .
The initial state is Gaussian distributed 𝝃0 ∼ 𝑁(𝝁,𝜮), where the 

length-𝑛 mean vector 𝝁 is specified by averaging SINMOD numerical 
ocean model data over time at every location. For the 𝑛 × 𝑛 covariance 
matrix 𝜮, we assume constant variance 𝜎2 and a Matérn correlation 
function; 𝛴(𝑖, 𝑖′) = 𝜎2(1 + 𝜙ℎ(𝑖, 𝑖′)) exp(−𝜙ℎ(𝑖, 𝑖′)), where the correlation 
decay parameter is 𝜙 and with Euclidean distance ℎ(𝑖, 𝑖′) between sites 
𝒖𝑖 and 𝒖𝑖′ , 𝑖, 𝑖′ = 1,… , 𝑛. We specify parameters 𝜎 and 𝜙 using variogram 
plots [34] of SINMOD data.

The temporal variation is defined by an autoregressive process: 

𝝃𝑡 = 𝝁 + 𝜌(𝝃𝑡−1 − 𝝁) + 𝒗𝑡, 𝒗𝑡 ∼ 𝑁(0, (1 − 𝜌2)𝜮), 𝑡 = 1,… , (1)

where the scalar autocorrelation parameter 𝜌. Assuming |𝜌| ≤ 1, this is 
a stationary process over time so that the marginal distribution at any 
time is 𝝃𝑡 ∼ 𝑁(𝝁,𝜮) for 𝑡 ≥ 0. The extreme case with 𝜌 = 1 represents a 
spatial model without temporal variation. With 𝜌 = 0, the spatial fields 
at different times 𝑡 are uncorrelated. In our field study, the parameter 𝜌
is trained from correlations over discretized time steps in the SINMOD 
data for the same location.

2.2. Updating

The prior model described in Eq.  (1) is updated by in-situ AUV 
measurements, where the AUV is assumed to cruise at a constant depth 
of 0.5 m. We model the AUV measurement 𝑦𝑡 at stage or time 𝑡 = 1,…
by 

𝑦𝑡|𝝃𝑡 ∼ 𝑁(𝒇𝑇
𝑡 𝝃𝑡, 𝑟

2), (2)

where the vector 𝒇𝑡 defines the spatial sampling indices at this stage of 
operation and 𝑟 is the salinity measurement noise standard deviation.

The statistical surrogate model running onboard the AUV is updated 
with the in-situ salinity measurements. We apply Bayes’ rule to achieve 
data assimilation at times 𝑡. Similar to a Kalman filter with the state 
vector now representing the spatial salinity field, this updating is 
done in real-time onboard the AUV. Between measurement times, the 
dynamical model propagates the state variable mean and covariance. 
Denoting the predictive mean and covariance by 𝒎  and 𝑺 , the 
𝑡|𝑡−1 𝑡|𝑡−1

4 
updated mean 𝒎𝑡|𝑡 and covariance 𝑺𝑡|𝑡 are available by the recursive 
Kalman filter formulae defined by 
𝒎𝑡|𝑡−1 = 𝝁 + 𝜌(𝒎𝑡−1|𝑡−1 − 𝝁)

𝑺𝑡|𝑡−1 = 𝜌2𝑺𝑡−1|𝑡−1 + (1 − 𝜌2)𝜮

𝑮𝑡 = 𝑺𝑡|𝑡−1𝒇𝑡(𝒇𝑇
𝑡 𝑺𝑡|𝑡−1𝒇𝑡 + 𝑟2)−1

𝒎𝑡|𝑡 = 𝒎𝑡|𝑡−1 +𝑮𝑡(𝑦𝑡 − 𝒇𝑇
𝑡 𝒎𝑡|𝑡−1)

𝑺𝑡|𝑡 = 𝑺𝑡|𝑡−1 −𝑮𝑡𝒇𝑇
𝑡 𝑺𝑡|𝑡−1.

(3)

Here, we start by 𝒎1|0 = 𝝁 and 𝑺1|0 = 𝜮 at the first step.
If the AUV is pausing, the last three steps in Eq.  (3) do not take 

place, as there is no data updating. In that situation, one will just 
propagate the mean and covariance expressions according to the first 
two steps.

Regarding scalability, the Gaussian updating formula in Eq.  (3) 
requires matrix factorization (inverse calculation) of a matrix with 
size equal to the amount of data gathered at each time point. In our 
case with sequential data assimilation, only data 𝑦𝑡 ∈  at a single 
waypoint node is included, and this factorization is hence very fast. 
A bigger challenge here is the evaluation and storage of the 𝑛 × 𝑛
covariance matrices 𝑺𝑡|𝑡−1 and 𝑺𝑡|𝑡, but for the waypoint graph in 
the two-dimensional longitude–latitude domain, this does not cause 
challenges.

3. Long-horizon path planning using a cost valley

In this section, we introduce our concept for constructing a cost 
valley in the context of long-horizon path planning. A cost valley refers 
to a cost function that takes the shape of a valley when plotted on a 
3D graph as in Fig.  5. This shape results from certain locations having 
lower costs than others, thus creating a valley-like structure in the cost 
function.

Identifying the region of the cost function that represents the most 
efficient path is crucial for designing algorithms that can help robots 
navigate through complex environments in the most efficient way 
possible. To this end, the agent can utilize different planners such as the 
myopic planner (representing a greedy approach) or the RRT* planner 
(representing a long-horizon search). Each planner has its advantages 
and disadvantages, so it is up to the designer to choose depending on 
the specific application.

Our approach for constructing a cost valley involves two groups of 
cost sub-fields: (i) operational and (ii) informative. The operational cost 
fields guide the agent safely and efficiently to its destination, while the 
informative cost fields help the agent make informed decisions about 
where to sample by highlighting areas of information gain returning a 
reward. We explain each group of cost fields in the following sections 
to better understand how they are used to construct the cost valley.

Once the cost valley is defined, we put this in a path planning 
framework and explain our system architecture for using this in a field 
robotics setting.

3.1. Operational cost fields

The operational cost fields are designed to guide the agent re-
sponsibly while ensuring that it reaches its destination on time. This 
is achieved through the use of two different cost sub-fields: obstacle 
avoidance and budget cost fields. The obstacle avoidance cost field 
prevents the agent from colliding with obstacles. In our case, it gives 
infinite cost for the island region in the Trondheim fjord and zero cost 
elsewhere. The time budget cost field ensures that the AUV reaches its 
destination before the time or distance budget runs out. It assigns a 
large cost to areas outside of the budget ellipse and zero cost to areas 
inside it. Both these cost fields work together to constrain the agent 
within a specific operational frame. Fig.  3 illustrates the obstacle cost 
(left) and the time budget cost (right).
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Fig. 3. Operational cost fields. The left display shows an obstacle cost field that assigns infinite cost to the island in the middle of the operation domain and zero cost to other 
areas. The right display shows a budget cost field that assigns high costs to areas outside the budget ellipse and zero costs to areas inside. Here, the AUV should go to the end 
location (house) before the distance budget runs out.

Fig. 4. Informative cost fields at the initial stage. The left display shows the EIBV cost field, which assigns low cost to areas where the river plume front might exist at this initial 
time. The right display shows the IVR cost field, which assigns low cost almost everywhere as it has not yet sampled any in-situ measurements.

Fig. 5. RRT* path planning using cost valley illustrated in 3D. The green trees are generated using RRT*, and the blue path is selected based on the minimum cost criterion. It 
leads the agent toward the global minimum cost location, shown as the red dot. The current waypoint is depicted as a black dot. One can see that RRT* is not perfect and has a 
detour in the low-cost area close to the target location.

Knowledge-Based Systems 315 (2025) 113261 
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3.2. Informative cost fields

The informative cost fields in our approach are focused on aiding 
in efficient sampling of the river plume front. We use two criteria; 
integrated variance reduction (IVR) and expected integrated Bernoulli 
variance (EIBV), which are incorporated into the cost field. Fig.  4 
illustrates the informative cost fields of EIBV (left) and IVR (right).

The IVR cost field aims to reduce the overall uncertainty of the field. 
For a given sampling design, the IVR is the trace (sum of diagonal 
elements) of the covariance reduction matrix 𝑹 = 𝑮𝑡𝒇𝑇

𝑡 𝑺𝑡|𝑡−1 in Eq. 
(3). Here, the design enters in the vector 𝒇 . Note that the cost related 
to IVR is inversely proportional, meaning that larger IVR results in 
smaller costs, and vice versa. Sampling locations that have been visited 
recently, will give a small IVR. Sampling locations that are yet unex-
plored or have not been explored in a long time will tend to give large 
IVR. To reduce this IVR cost field, one would naturally sample the latter 
kinds of design for this criterion.

The EIBV cost field aims to guide the agent to locations where the 
river plume front may appear. The EIBV is in our case based on excur-
sion probabilities related to a threshold and the associated Bernoulli 
variation. We let 𝜁 be a threshold in salinity. This threshold is chosen 
as it separates fresh river water from the more saline fjord water. At a 
location 𝒖𝑖 and at time 𝑡, the excursion probability that salinity exceeds 
the threshold is then 𝑝(𝒖𝑖) = 𝑃 (𝜉𝑡,𝒖𝑖 < 𝜁 ) = 𝛷1

(

𝜁−𝑚𝑡|𝑡(𝑖)
√

𝑆𝑡|𝑡(𝑖,𝑖)

)

, where 
𝛷1 denotes the univariate cumulative distribution function (CDF) of 
the standard normal. The Bernoulli variance is 𝑝(𝒖𝑖)(1 − 𝑝(𝒖𝑖)). With 
a goal of classifying water masses, one would collect AUV data at 
sampling locations that reduce this Bernoulli variance. Unlike the IVR, 
the reduction will now depend on the observed data, but the expected 
reduction has a closed-form solution via a bivariate CDF 𝛷2 [10]. The 
cost field of EIBV of course depends on previously sampled locations. 
It further tends to resemble the spatial distribution of the river plume 
boundary given by the certain threshold 𝜁 because locations close too 
the threshold have a large Bernoulli variance, and therefore carry much 
information, as shown in Fig.  4.

Algorithm 1 shows the informative cost fields computation steps. 
Note how the design 𝒇 varies in the loop over spatial sampling locations 
𝑖. The cost field in this way indicates the information value of sampling 
individual locations. Spatial site 𝒖𝑖 has an associated cost value for each 
criterion. The closed form solutions for both IVR and EIBV provided in 
Algorithm 1 ensure that the computations are relatively fast to do on 
the onboard computing units.

3.3. Cost valley construction

To compute the cost valley, we construct a weighted sum of all 
components using 
𝑪 = 𝑪obstacle+𝑪budget+𝑤1⋅𝑪EIBV+𝑤2 ⋅𝑪IVR, where 𝑤1+𝑤2 = 1. (4)

The operational cost fields, which include the obstacle cost field
𝑪obstacle and the budget cost field 𝑪budget, are important for operational 
integrity. This is done by imposing hefty penalties in areas that are 
dangerous or far to reach. As a result, the EIBV and IVR cost fields 
(𝑪EIBV and 𝑪IVR), which are informative cost fields, have little effect 
on guiding the agent when compared to the strong penalties of the 
operational cost fields. Nevertheless, when operational safety is guar-
anteed and there is plenty of time, the costs in legitimate regions are 
minimal. In such cases, the main costs come from the informative cost 
fields, which direct the agent based on knowledge. In our approach, 
no weights are assigned to the operational cost fields to guarantee the 
agent’s prompt reaction when any of these fields are activated. For 
example, the agent must return to the base when the budget cost field 
6 
Algorithm 1 Calculate informative cost fields for EIBV and IVR
Require: 𝒎𝑡|𝑡−1,𝑺𝑡|𝑡−1
EIBV = 𝟎𝑛×1 ⊳ Initialize the expected integrated Bernoulli variance
IVR = 𝟎𝑛×1 ⊳ Initialize the integrated variance reduction
for 𝑖 ∈ 1… 𝑛 do
 𝒇 = 𝟎𝑛×1, 𝒇 (𝑖) = 1 ⊳ Design point
 𝑹 = 𝑺𝑡|𝑡−1𝒇 (𝒇𝑇𝑺𝑡|𝑡−1𝒇 + 𝑟2)−1𝒇𝑇𝑺𝑡|𝑡−1 ⊳ Covariance reduction 
matrix
 IVR(𝑖) = ∑𝑛

𝑖′=1 diag(𝑹) ⊳ Integrated variance reduction
 where, 𝒂 =

[

𝜁
−𝜁

]

⊳ Threshold 𝜁 evaluation vector

 𝒃(𝑖′) =
[

𝑚𝑡|𝑡−1(𝑖′)
−𝑚𝑡|𝑡−1(𝑖′)

]

⊳ Threshold calculation mean

 𝑾 (𝑖′, 𝑖′) =
[

𝑆𝑡|𝑡−1(𝑖′, 𝑖′) −𝑅(𝑖′, 𝑖′)
−𝑅(𝑖′, 𝑖′) 𝑆𝑡|𝑡−1(𝑖′, 𝑖′)

]

⊳ Threshold calculation 
covariance
 EIBV(𝑖) = ∑𝑛

𝑖′=1 𝛷2(𝒂, 𝒃(𝑖′),𝑾 (𝑖′, 𝑖′)), ⊳ Expected integrated 
Bernoulli variance
end for
𝑪EIBV = (EIBV − min(EIBV))∕(max(EIBV) − min(EIBV)) ⊳ Normalized 
EIBV cost
𝑪IVR = 1 − (IVR − min(IVR))∕(max(IVR) − min(IVR)) ⊳ Normalized 
IVR cost
return 𝑪EIBV,𝑪IVR

is nearly exhausted. Therefore, locations located outside the allocated 
budget ellipse are heavily penalized, regardless of their perceived worth 
in the informative cost fields.

Fig.  5 illustrates an instance of the cost valley, where the budget 
remains ample and the weights are evenly distributed (𝑤1 = 𝑤2 = 0.5). 
At each stage 𝑡 = 1,… , 𝑁steps, the AUV calculates this kind of cost 
valley by evaluating all criteria for all locations and weighting as in Eq. 
(4). The weighting aids the AUV sampling in balancing exploration 
of uncertain locations and detecting the salinity boundaries, while 
maintaining the operational constraints for the vehicle.

3.4. Path planning using the cost valley

We design a path planning algorithm to guide the agent in the 
adaptive sampling process. For this purpose we use the cost fields, and 
at each iteration, the least-cost path in the cost valley is calculated. This 
leads the AUV from its current location to the one with the lowest cost. 
In doing so, one finds the best design 𝑫𝑡 at this stage in time 𝑡.

The algorithm we use for long-horizon path planning is described in 
Algorithm 2. To determine the optimal path, we here utilize the RRT* 
path planner, as described in e.g. [35]. This planner computes the least-
cost trajectory 𝑻𝑡 from the current location to the target location which 
is therefore the global minimum cost location, and the first location on 
this trajectory is selected as the next optimal design location 𝑫𝑡. The 
AUV then takes in-situ measurements 𝑦𝑡 at this location, and the model 
is updated using Eq.  (3). This, in turn, updates the cost valley. The 
process continues until the budget is exhausted, with each new starting 
location being provided to the RRT* path planner. In our approach, 
we also introduce a nuanced modification by adding an additional 
waypoint, termed the ’pioneer waypoint’. Initially, the AUV calculates 
two waypoints. After transitioning from the current waypoint to the 
next waypoint, the AUV immediately proceeds from this next waypoint 
to the pioneer waypoint. Concurrently, it performs computations for 
the forthcoming waypoints originating from the pioneer waypoint. 
In doing so, it enables us to do the real-time path planning. For a 
detailed explanation of using a RRT* path planner to determine the 
next waypoint, see [36].

In Fig.  5, a 3D visualization is presented for one-step planning. Here 
the RRT* planner uses the equal-weighted cost valley as a guide. As 
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depicted in the display, the planned path (blue) that is computed from 
this cost valley facilitates long-horizon planning, and the planner is able 
to navigate away from the high-cost area. However, due to insufficient 
convergence in the RRT* path planner, the path taken is sub-optimal, 
as evidenced by the detour in the trajectory. Increasing the number of 
iterations in the tree expansion can improve the optimality of the path. 
However, one must consider the trade-off between the computational 
cost and path optimality.

Algorithm 2 Informative long-horizon path planning algorithm
Set 𝒎1|0 = 𝝁 and 𝑺1|0 = Σ. ⊳ Initialize mean and covariance
Set start waypoint 𝑫0 ⊳ Initialize design set
0 = ∅ ⊳ Initialize data vector
Budget=MaxDistanceRange
𝑡 = 1.
while Budget >= allowance do
 Plan :
  CV = updateCostValley(𝒎𝑡|𝑡−1,𝑺𝑡|𝑡−1,Budget,𝑫𝑡−1) ⊳ Cost valley 
calculation (Algorithm 1)
 𝒖𝑡 = argmin𝒖∈(CV)
 𝑻𝑡 = RRT*(CV,𝑫𝑡−1, 𝒖𝑡) ⊳ Run rapidly exploring random trees
 𝑫𝑡 = 𝑻𝑡{1}
  Budget = Budget - ||𝑫𝑡 −𝑫𝑡−1||2
 Act :
  Go to waypoint 𝑫𝑡. ⊳ Commit to chosen design
 Sense :
 𝑡 = (𝑡−1, 𝑦𝑡). ⊳ Gather data 𝑦𝑡 and augment data set
 𝑮𝑡 = 𝑺𝑡|𝑡−1𝒇𝑡(𝒇𝑇

𝑡 𝑺𝑡|𝑡−1𝒇𝑡 + 𝑟2)−1.
 𝒎𝑡|𝑡 = 𝒎𝑡|𝑡−1 +𝑮𝑡(𝑦𝑡 − 𝒇𝑇

𝑡 𝒎𝑡|𝑡−1). ⊳ Updated mean vector 
(Eq. (3))
 𝑺𝑡|𝑡 = 𝑺𝑡|𝑡−1 −𝑮𝑡𝒇𝑇

𝑡 𝑺𝑡|𝑡−1. ⊳ Updated covariance matrix (Eq. (3))
 𝒎𝑡+1|𝑡 = 𝝁 + 𝜌(𝒎𝑡|𝑡 − 𝝁). ⊳ Predictive mean vector (Eq. (3))
 𝑺𝑡+1|𝑡 = 𝜌2𝑺𝑡|𝑡 + (1 − 𝜌2)Σ. ⊳ Predictive covariance matrix 
(Eq. (3))
 𝑡 = 𝑡 + 1.
end while

3.5. System architecture

Fig.  6 shows how the architecture combines RRT* path planning 
with cost valley guidance for adaptive sampling. The diagram also 
indicates how SINMOD is used to create an initial prior for the system, 
which is then improved using pre-survey data. The GRF (Gaussian 
random field) module is used to incorporate in-situ data into and 
updated state model including an uncertainty map, which is essential 
for the cost valley calculation. After this model update, an optimal 
trajectory is determined from the current location to the minimum 
cost location, producing the next waypoint. The ROS-IMC bridge is 
then used to send instructions to the AUV, which is discussed in more 
detail in the field deployment description. DUNE executes the control 
command, allowing the AUV to sample autonomously.

4. Simulation study

In this simulation study, we explore the influence of various weight-
ing schemes on AUV pathways. We also compare the RRT* planner with 
its myopic counterpart. In doing so, we assess the system’s long-term 
robustness in identifying spatio–temporal complexities in a river plume 
system.

4.1. Simulation setup

Fig.  3 shows the operational cost fields. They should always be given 
the highest priority to ensure adherence to safety constraints. Thus, the 
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planner must evaluate the operational cost fields before evaluating the 
informative cost fields. The weights used should not affect the priority 
given to the operational cost fields. Therefore, we choose to study 
the planner’s behavior under different weighting schemes solely with 
respect to the informative EIBV and IVR cost fields (see Fig.  4).

We can assign various weights between EIBV and IVR cost fields. It 
is important to note that the appropriate weight may vary depending 
on the application, and therefore, we cannot provide an ideal weighting 
scheme for all scenarios. In our study, we aim to demonstrate how ex-
treme weighting schemes impact the system’s performance. To achieve 
this, we have created three cost scenarios with the following weights:

• EIBV dominant: 𝑤1 = 1, 𝑤2 = 0
• IVR dominant: 𝑤1 = 0, 𝑤2 = 1
• Equal weight: 𝑤1 = 0.5, 𝑤2 = 0.5

Replicate data sets are simulated using a temporal benchmark field 
of 8 h from SINMOD as the mean value field. For the variation in the 
replicate runs, the Matérn covariance matrix coefficients are specified 
as 𝜎 = 1.0 and 𝜙 = 0.0064. The average salinity over the 100 replicates is 
shown in Fig.  7 for different time steps. The red contour line delineates 
the boundary between saline and fresh water masses and is determined 
by a salinity threshold. The numerical solution captures the tidal cycle 
as the boundary expands with the tide going from high to low, meaning 
the boundary is shifting outward as the current brings more freshwater 
from the river mouth.

Using the weight sets mentioned above, we construct three cost 
scenarios or valleys. For each cost valley, we run two agents starting 
at coordinates 𝑁63.440, 𝐸10.356 in the WGS84 coordinate system. Two 
agents are employed, one using a myopic planner and the other a 
long-horizon RRT* planner. Both have access to the cost valley field; 
however, the myopic agent is only able to assess the cost of adjacent 
locations from the cost valley and then select the next waypoint with 
the lowest cost. Thus, it does not take into account long-term consider-
ations. Both agents have the same step size of 240 m and are allowed 
to run for 8 h, which is equivalent to 120 steps. At each sampling point, 
the AUV data is extracted from the replicate field data at the present 
location. We set measurement noise standard deviation 𝑟 = 0.5.

4.2. Agent analysis for EIBV dominant field

We start by assessing typical AUV paths for a single replicate 
only. For clarity, we focus on the EIBV dominant cost valley scenario, 
contrasting the trajectories of the myopic and RRT* planners under 
identical ground truth.

4.2.1. Myopic
Fig.  8 shows the mean salinity field (left), uncertainty field (center), 

and cost valley (right) over time, following adaptive sampling with the 
myopic strategy across time iterations. Fig.  8(a) showcases the fields 
after limited exploration near the start to the south–west. The cost 
valley directs the agent towards boundary regions, with the uncertainty 
field illustrating decreased uncertainty in visited areas. The eastern 
parts of the cost valley have low costs, but it is separated from the 
current AUV position by a high-cost region.

Figs.  8(b) and 8(c) depict later stages with the agent predomi-
nantly exploring the field in the south–west. As time progresses, the 
boundary expands outward with the tide, and the agent’s sampling 
interest shifts in this direction. By 16:40, guided by the cost valley, the 
agent gravitates eastward. However, the low-cost region is now quite 
far to the north-east because of the tide, and clearly, time influences 
the agent’s posterior belief. Towards the end of the operation (Fig. 
8(d)), the eastern parts remain largely unexplored, and the boundary 
growth over time underscores the spatio–temporal model’s advantage 
in accommodating field dynamics. The myopic approach, with its lim-
ited foresight, often results in localized planning. Such agents risk 
entrapment in proximate regions, underscoring the need for expansive 
strategies. Nevertheless, the AUV has mapped the south-east parts of 
the river plume front very accurately.
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Fig. 6. System architecture of our proposed adaptive sampling system using RRT* for path planning and a cost valley for guidance.
Fig. 7. The surface salinity ground truth field at different time steps. The red contour shows the boundary of different water masses classified by the threshold.
4.2.2. Long-horizon RRT*
Fig.  9 presents the evolving mean salinity field, uncertainty field 

and cost valley from left to right for the long-horizon RRT* strategy. 
The cost valley plots also display RRT* trees, elucidating the planning 
process. The agent efficiently targets high-value regions for sampling.

Fig.  9(a) captures the early phase of sampling, where the cost valley 
reveals the agent’s awareness of a prospective low-cost region in the 
east and its intention to navigate towards it. At the intermediate stages 
(Figs.  9(b) and 9(c)), the AUV now moves between the west and east 
parts of the plume front. Hence, in contrast to the myopic approach 
in Fig.  8, the adaptive agent utilizing the long-horizon RRT* strategy 
exhibits a sampling behavior that covers much more of the spatial 
domain. Running RRT* onboard, the agent’s ability to escape local 
attractions is increased, and it spans longer to find regions offering 
maximum reward. Similar to what was seen for the myopic case, the 
AUV tends to move further out with the tide. In fact, in Fig.  9(d), in 
the concluding phase, the AUV judiciously navigates from the north 
past the obstacle to access the broader northern boundary. Overall, 
the RRT* planner navigates the agent through dynamic terrains, and 
it spans much wider than the myopic planner. Even so, it could of 
course perform worse than the myopic planner in detecting local plume 
details.

4.3. Traffic density analysis

To visualize the AUV sampling effort distribution across the 100 
replicates, we devise a traffic flow density plot using kernel density 
estimation. This plot quantifies the intensity of AUV trajectories in 
various locations, pinpointing high-traffic areas. To underscore the 
influence of the cost valley, we employ this method for every weight 
set and for both the myopic and RRT* planners.

The comparison of traffic-flow density maps in Figs.  10 and 11 
reveal distinct behaviors of the myopic and long-horizon RRT* planners 
across different cost valleys. Under the EIBV dominant cost valley, the 
myopic planner exhibits concentrated sampling in southern regions, 
whereas the RRT* planner achieves a more balanced distribution across 
both southern and northern areas. This suggests that the RRT* planner 
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optimizes sampling efficiency by covering a broader area, minimizing 
the risk of over-exploitation.

For the IVR dominant cost valley, the myopic planner shows lo-
calized behavior, focusing on high-density regions, while the RRT* 
planner more effectively spreads its efforts throughout the field. The 
latter’s balanced coverage reduces uncertainty across the domain, sup-
porting the RRT* planner’s superiority in handling large, dynamic 
fields. In the equal weight cost valley, the myopic planner’s sampling 
remains localized around the initial position, with limited reach into 
northern areas. In contrast, the RRT* planner demonstrates a more 
adaptive approach, adjusting its coverage to include both southern 
and northern regions as environmental conditions, such as tides, shift. 
This adaptability highlights the RRT* planner’s capability for balancing 
exploration and exploitation, ensuring comprehensive field coverage 
and enhanced sampling efficiency.

4.4. Metric analysis

In the replicate simulations, we monitor key metrics: integrated 
Bernoulli variance (IBV), variance reduction (VR), and root mean 
squared error (RMSE). For each metric, we take the average over all 
spatial grid cells, at every time point. Table  1 shows the last step, 
i.e., after 120 steps. Overall, the long-horizon RRT* planner does not 
consistently outperform the myopic planner across all cost valleys. For 
the EIBV dominant case, RRT* shows a marginal improvement in IBV, 
suggesting a slight advantage in exploring high-value areas (i.e. the 
boundary region). However, in both the IVR dominant and equal-
weighted cases, both planners achieve comparable results in all metrics, 
reflecting a similar capacity to reduce variance across the field. These 
results indicate that while the long-horizon approach offers a more 
balanced exploration strategy, the performance gains may be minor, 
especially in highly structured fields like the IVR dominant case.

5. Experiment in the Trondheim fjord

We present the case of river plume exploration in the Trondheim 
fjord, Norway (Fig.  1). The suggested algorithm using RRT* with a cost 
valley runs onboard an AUV in this field experiment.
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Fig. 8. The updated mean salinity field (left), uncertainty field (middle) and cost valley (right) after the adaptive sampling using the myopic strategy over a series of time iterations 
(a–d). In this particular example, most of the effort was focused on the southwest side before the agent moved eastward.
Table 1
Comparison of Myopic and RRT* performance under different cost valleys. The metrics include mean and standard deviation for IBV, IVR, and 
RMSE.
 Cost valley IBV VR RMSE

 Myopic RRT* Myopic RRT* Myopic RRT*  
 mean | std mean | std mean | std mean | std mean | std mean | std  
 EIBV dominant 70.82 | 5.85 71.76 | 5.69 241.12 | 3.43 241.93 | 7.66 1.04 | 0.11 1.05 | 0.11 
 IVR dominant 75.93 | 6.40 75.76 | 7.26 229.83 | 0.00 232.93 | 3.84 0.96 | 0.09 0.98 | 0.10 
 Equal weight 71.54 | 5.70 72.45 | 6.88 234.27 | 3.10 236.62 | 7.06 1.01 | 0.11 1.02 | 0.11 
9 
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Fig. 9. The updated mean salinity field (left), uncertainty field (middle) and cost valley (right) after the adaptive sampling using our proposed long-horizon RRT* strategy over a 
series of time iterations (a–d). The RRT* trees are displayed in the cost valley column as well to better illustrate the planning mechanisms.
5.1. Experimental setup

The map view in Fig.  1(b) displays the calibrated prior mean model 
for salinity within the spatial domain. The AUV runs its mission by 
utilizing Algorithm 2 for model updating and path planning.

For this field experiment, we utilize a light autonomous underwater 
vehicle (LAUV) from NTNU’s applied underwater robotics laboratory 
(AURLab). Prior to launching the mission, the operator conducts a 
standard remote control check, as depicted in Fig.  12(a).

The LAUV’s primary computing unit is the NVIDIA Jetson TX2. To 
enhance our onboard algorithm deployment capabilities, we use the 
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adaptive sampling framework developed by [41], which manages the 
messaging between ROS and DUNE. Our algorithm interfaces directly 
with Robot Operating Systems (ROS) [40], and its messages are then 
relayed to the ROS-IMC bridge in the vehicle, which incorporates DUNE 
(DUNE: Unified Navigation Environment [37]). The components within 
the LAUV communicate using the Inter Module Communication (IMC) 
message protocol [38]. Fig.  12(b) summarizes the connections between 
software elements. We implement the same integration scheme as 
in [10], which provides further details regarding the ROS-IMC bridge.

The LAUV is programmed to travel at a speed of 3 knots in the 
surface region at a depth of 0.5 m. Additionally, it is scheduled to 
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Fig. 10. Traffic flow density map for the myopic agent under (a) EIBV dominant, (b) IVR dominant, (c) equal weight cost valleys.

Fig. 11. Traffic flow density map for the long-horizon RRT* agent under (a) EIBV dominant, (b) IVR dominant, (c) equal weight cost valleys.

Fig. 12. (a) The LAUV named Thor is under remote operation check before its expedition. (b) Main software components in the communication between the adaptive code and 
the vehicle. DUNE [37] is running on the main CPU of the AUV while the IMC [38] messages are transmitted via TCP [39] to an auxiliary CPU, where ROS [40] and the adaptive 
code is run.

Knowledge-Based Systems 315 (2025) 113261 
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Fig. 13. The updated mean field for the salinity (left), the cost valley (middle), and the excursion probability (right) after sampling the region from 12:30 to 13:41. The remaining 
budget starts to take an effect, shown as the red ellipse.
Fig. 14. The revealed salinity field (left) together with the updated cost valley field (middle) and the excursion probability field (right) after that the LAUV sampled the north 
region using the last budget and safely returned home in the end (step 44, at 15:10).
resurface every 10 min to correct its navigational errors. The operation 
took place on May 11th, 2022, and it lasted for more than 2.5 h. 
The LAUV left the start location at 12:30. We received the ‘‘Mission 
Complete’’ text message from the LAUV at 15:10, which marked the 
end of the operation.

5.2. Results

Fig.  13 shows the updated mean salinity field (left display) after the 
LAUV has sampled data for 20-time steps (at 13:41). The associated 
cost valley field and excursion probability field are shown in Fig.  13 
(middle-right). The path taken by the LAUV (black line) indicates that 
it has used the first part of its adaptive mission to explore the area close 
to the river mouth. As the AUV travels through the region, it adheres 
to the guidance provided by the cost valley and endeavors to minimize 
expenses. The budget ellipse (red color in Fig.  13) diminishes as time 
goes by.

At step 44 (15:10), Fig.  14 shows that the LAUV has avoided the 
obstacle and discovered surprisingly low salinity values in the western 
parts. The excursion probability field (right display) indicates a high 
probability of river water instead of ocean water quite far out to the 
north here. Currently, the available area enclosed by the red ellipse is 
restricted, and the LAUV must move along a relatively straight transect 
to reach the end location without much room for deviation.

Fig.  15(a) shows the discrepancy between the in-situ AUV measure-
ments and the SINMOD prediction. This is done by subtracting the 
SINMOD data at the AUV sampling locations from the in-situ measure-
ments at these locations. These residuals are visualized in a map view 
and along the trajectory of the AUV. The plot has more negative than 
positive residuals, confirming that SINMOD tends to overestimate the 
salinity values in the region, resulting in a smaller river plume area. 
Fig.  15(b) presents the cross plot of these two data sources. The kernel 
12 
density estimate shows that SINMOD data has two modes near salinity 
23 and 27, while the AUV data is distributed around salinity 25. The 
majority of the SINMOD data is higher than the actual measurements, 
indicating the need for practical adjustments of SINMOD data to avoid 
bias stemming from the numerical solver.

6. Conclusion

The main contribution of this work is the development of a long-
horizon adaptive sampling system using RRT* path planning with a 
flexible cost valley in an informative field. We use this system in a 
field deployment with an AUV running autonomously from the start 
location to the home destination while adaptively sampling, in real-
time, the salinity in a river plume front. In this field experiment, we 
used RRT* as the path planner to determine the next waypoint and 
a budget ellipse for the time restriction consideration, all done in the 
context of the Gaussian random field model that is updated onboard the 
AUV. Using the cost valley concept for bridging multiple objectives, the 
path planning achieves a balance between exploitation and exploration 
while the hard constraints on safety and punctuality are all considered, 
as demonstrated in the results of the field deployment.

In terms of the algorithm properties, an extensive simulation study 
shows the effect of weighting different objectives on the behavior of 
the AUV paths. In doing so, we further notice that the AUV changes its 
movement adaptively with the temporal dynamics of the river plume 
phenomenon. Comparing simulation results of a myopic strategy with 
that of long-horizon RRT* path planning, we see that the myopic 
strategy is notably more focused on local details in the salinity map 
rather than the potential long-horizon benefits. Nevertheless, in terms 
of spatially integrated performance metrics such as root mean square 
error, the myopic strategy is not significantly worse than RRT* in our 
situation.
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Fig. 15. (a) The difference between the AUV measurements and the SINMOD prediction, referred to as the residual. The in-situ data reveal a considerable river plume in the 
western part, characterized by low salinity values, which contradicts the SINMOD prediction. (b) The cross plot between the SINMOD data and the AUV data. Kernel density 
estimation is applied here and it adds the red contours to the scatter plot. The histogram of each data source is shown on top and to the right.
We believe that non-myopic sampling for multiple objectives will 
see more use in the future, for ocean exploration and other appli-
cations. In constructing the flexible cost valley, it is imperative that 
each constituent cost component exerts influence on the designated hot 
spot regions. As the number of objectives grows, there is an enhanced 
capability to address multiple areas of interest, contingent upon each 
component receiving ample allocation for exploration. A potential im-
provement over what we suggested in this paper is the implementation 
of dynamic weighing mechanisms among the cost valley components, 
say based on time of day.

A plethora of long-horizon path planning algorithms exist; other 
variants of RRT*, A*, the probabilistic road map and ant-colony op-
timization [32,33] could also be used here. The non-myopic capability 
of such planners facilitates the incorporation of future considerations 
within the sampling field, but it must run robustly in contexts with 
computational or hardware constraints. We managed to run real-time 
adaptive sampling with a long-horizon planner on a two-dimensional 
time-varying model. Adding depth variation would make it more com-
putationally demanding, and so would a more realistic temporal dy-
namical model (going beyond the auto-regressive model), and it is yet 
unclear which algorithm would enable efficient and timely sampling in 
such situations.

We only considered static obstacles, such as the island in the 
field deployment. Future work will focus on incorporating dynamic 
obstacle avoidance through real-time AIS data and implementing adap-
tive weighting schemes for further optimization of the exploration–
exploitation trade-off. Additionally, integrating predictive machine
learning techniques and modern reinforcement learning-based methods 
will be explored to enhance scalability and operational efficiency.
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Abstract

This paper presents data and analysis results from a field campaign
conducted in Spring off the coast of Norway. A goal of this campaign
was to use multiple ocean vehicles to study the phytoplankton and zoo-
plankton densities in space and time. Platforms included two AUVs and
two ASVs, in addition to sampling done from the operational boat. The
AUVs use Chl a as a proxy for phytoplankton and a particle camera for
zooplankton. The ASVs estimate vertical zooplankton distribution using
echosounders. Lastly, there are optical sensors winched from the opera-
tional boat as well as nets for physical samples.

We build spatio-temporal statistical models for the upper and lower
boundaries of the plankton layers, as well as for the integrated biomass
over depth. Separate models are fitted for each ocean variable and for
every vehicle. Results are then compared across platforms and variables.
Although the different platforms are never in exactly the same location at
the same time, or for the AUVs at the same depth, we can still compare
data from periods when they are in close proximity. We learn that there
are evident correlations when observing phytoplankton or zooplankton
between vehicles, in particular of the same type. Especially notable is the
correlation between the optical zooplankton sensors on the AUVs and the
acoustic sensors on the ASVs. We notice a negative correlation, if any,
between the phytoplankton and zooplankton results across all platforms
and sensor types.

1



1 Introduction

In spring, increasing light and seasonal changes in the water column promote a
phytoplankton bloom in the Coastal Norwegian Sea (Rey, 2004). This is again
followed by a bloom of grazing zooplankton that has been hibernating deep
in the sea (Broms and Melle, 2007). The dominant species of zooplankton in
the Coastal Norwegian Sea is Calanus finmarchicus (Wiborg, 1955; Melle et al.,
2004), which grazes on phytoplankton and smaller microzooplankton (Yeh et al.,
2020). It is an important part of the food chain of planktivorous fish (Kaartvedt,
2000; Utne et al., 2012).

While zooplankton and phytoplankton form the basis of the marine ecosys-
tem, they can, for many reasons, be challenging to observe. First, they have a
heterogeneous spatial and temporal distribution, and this patchiness means that
the population has to be sampled at several locations over time to get a good
understanding of the distribution and its dynamics (Fossum et al., 2019; Zhang
et al., 2021). Secondly, the noise levels in different sensor types make it difficult
to calibrate the quantities. The most robust way to observe the abundance of
phytoplankton is to measure the primary pigment Chlorophyll a (Chl a) (Huot
et al., 2007). Phytoplankton and primary production is today assessed from
Chl a measurements at sea surface using remote sensing by satellites, planes, or
drones (Wu et al., 2022). This data has been invaluable for understanding the
temporal and spatial dynamics, but it requires good weather and cloud condi-
tions to obtain high-quality data, and it is restricted to near surface abundance.
To get observations deeper in the water column, an in-situ fluorometer can be
used to measure Chl a. Net samples or water samples are the most accurate
ways of measuring plankton intensity, but they are very sparse in space and time.
Autonomous underwater vehicles (AUVs) provide more flexibility in obtaining
Chl a measurements in the ocean column. Note that in-situ measurements and
models for the vertical distribution can also be used to calibrate satellite data
of Chl a, enabling prediction of phytoplankton distribution where satellite data
would normaly not be usable (Ardyna et al., 2013). Still, there is the issue of
low-resolution sampling from satellites.

Observing the zooplankton, specifically Calanus, presents new challenges.
The first method relies on collecting physical samples in the field; this can be
done with water samples or nets. A net can be trawled behind a vessel, and
changing the size of the net will change the size of the collected zooplankton
(Wiebe et al., 2009). The physical samples then need to be analyzed back in
the lab (Goswami, 2004). This accurate method is rather costly. Similarly to
the green pigment cla a in phytoplankton, it has been suggested that the red
pigment can be detected using satellite images (Basedow et al., 2019; Shunmu-
gapandi et al., 2025). This mostly works for surface swarms. However, it is
common for Calanus to move to the surface during spring. Another method for
observing zooplankton is using acoustic back-scattering techniques to observe
the abundance and size of marine organisms (Lavery et al., 2010), this method
works well for the whole water column. With platforms that can move in the wa-
ter column, optical sensors such as a SilCam can be used to count zooplankton,
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record shape, and possibly classify species (Kydd et al., 2018). These optical
sensors can also be used to speed up lab analysis.

In the end, no sensor will provide a perfect solution to the problem of ob-
serving plankton. Therefore, a goal should be to combine different sensors and
compare them. This can be challenging because sensors do not necessarily pro-
vide the same type of data. In addition to the sensors that target the plankton,
several supporting sensors can be valuable. Salinity and temperature are impor-
tant for ocean currents, the mixing of water masses, and other factors important
for ocean life (Lalli and Parsons, 1997).

Another important factor is what ocean platform the sensors are placed
on. The main focus will be on autonomous surface vehicles (ASVs) and AUVs.
While ASVs only move on the surface, they can still gather important informa-
tion from the water column through acoustics. AUVs have the ability to dive
down and collect data that is difficult or impossible to get from the surface.
They also have different constraints on how they operate, utilizing the different
platforms effectively is therefore important to get the best results.

Dynamic models for the plankton can help borrow information across space
and time samples. This can be achieved by coupling numerical ocean models
with bio-oceanography understanding. For plankton, there are relatively stable
vertical time cycles during the day and night, as discussed in Wirtz and Smith
(2020), and tuned to the North Sea conditions and variations (Baars and Fransz,
1984).

In this paper, we report findings from using multiple platforms in exper-
iments conducted in Mausund, Norway. The platforms include AUVs, ASVs
and net and rig samples. Our target variable is the biomass integrated over
depth and the upper and lower layer boundaries. Both Chl a and Calanus mea-
surements are analyzed. We build separate statistical models for each of the
variables and sensors and compare the results of different platform data when
they are in close proximity to each other in space and time.

In Section 2, we present the operational context, the biomass, zooplankton
intensity, and lower and upper depth layer variables, as well as the various data
sources. In Section 3, we outline the statistical models used for the variables of
interest and the data. In Section 4, we show results and discuss different data
attributes. In Section 5, we provide conclusions and point to future work.

2 Operational setting and data sources

2.1 Mausund field campaign and objective

During Spring 2025, we acquired various ocean data in the Mausund archipelago
west of Trondheim, Norway (Figure 1). This area is where the fjord waters from
the Trondheim fjord meet the Norwegian coastal current waters from further
south and the vast Atlantic Ocean. Fishermen have recognized this area as
rich in fish resources, possibly due to elevated water mixing providing much
nutrient transport and good conditions for primary production (Sætre, 1999).
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Figure 1: Map of the experimental area off the Western coast of Norway. This
shows the path of the vehicles and where the casts are taken

To gain further understanding of the basic driving mechanisms of this complex
cold water marine ecosystem, several tests have already been conducted in this
region (Fossum et al., 2018; Fragoso et al., 2019, 2024).

The mission in 2025 focused on multi-platform sampling of Calanus, which
has been observed to be abundant during Spring. From the variety of sensors
used in the field sampling of Calanus, an objective was to infer the Calanus
biomass from the different sensors used and to assess the depth interval of
Calanus zooplankton. This aids our understanding of how the zooplankton
intensity changes with space and time, and sparks opportunities for guided
sampling efforts to gain further insight.

2.2 Ocean observation platforms

Multiple platforms were used to collect data during the mission.
For this mission, all vehicles were controlled from a control room located

approximately 100 km away in Trondheim (Barstein, 2024). With the ability for
both data transfer and communication, cooperation between limited personnel
in the field and the remaining staff in the operation room was possible. This
meant that the boats in the field were not too crowded, and the personnel in
the control room could communicate without the added stress of being in the
field while maintaining a view of all vehicles and platforms in operation.

Operation boats

The whole operation was managed by two smaller boats, usually with 2 to 4
people on board. Their task was to operate the boats, manage equipment,
communicate with vehicles and the control room, and launch platforms. The
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Figure 2: The green layer indicates the significant Calanus activity, limited by
its upper and lower bound. Five main vehicles are used in the field, with their
corresponding sensors.

boats were fitted with a satellite internet connection and served as a connector
between the control room and the vehicles in the field. Data were also collected
directly from the boats. Physical samples were collected using vertical and
horizontal nets. A winch could move a sensor rig up and down in the water
column.

ASV Grethe

ASV Grethe is an electric, propeller driven vehicle. The vehicle has a satellite
based internet connection, meaning it can send data and be operated from
the control room. The ASV has two modes of operation; remote control or
autonomous. In remote control mode, live pictures from the forward facing
camera and GPS location are used to steer the vehicle; in autonomous mode, the
vehicle chooses where to go based on the programmed algorithms or instructions.

ASV AutoNaut

The ASV AutoNaut is also an electric ASV; however, it is driven by wave
energy and not by a propeller. With the addition of solar panels, the vehicle
can operate continuously, but it does have reduced maneuverability and speed
compared with the ASV Grethe.
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AUV

Two AUVs were deployed in the field. These vehicles navigate submerged and
autonomously collect data as deep as 100m. They are therefore important for
collecting bio-chemical data in the water column. A somewhat limiting factor is
that the AUVs were launched by hand. Mostly, this is good because it enables
fast deployments and retrievals from a small boat, but waves can make retrieval
difficult and even dangerous. Thus, there is a limit to the wave height that is
safe to operate in.

2.3 Vertical Biomass estimation

To accurately describe what is meant by biomass mapping from sensor data, we
introduce the required notation. We let (sE , sN ) denote east and north coordi-
nates, sz is depth and t is time. The underlying true but unknown variables of
interest at any lateral and time coordinates (sE , sN , t) are

• xupper(sE , sN , t): The upper bound of the Calanus layer.

• xlower(sE , sN , t): The lower bound of the Calanus layer.

• xbio(sE , sN , st) =
∫ xl

xu
xbio(sE , sN , sz, st)dsz: The latent log intensity field

for the Calanus biomass per square meter over the entire depth column of
interest from xu = xupper(sE , sN , st) to xl = xlower(sE , sN , st).

When there is a clear layer of Calanus, the true lower bound xlower(sE , sN , t)
is much deeper than the upper bound xupper(sE , sN , t). In practice, we did not
need to impose any strict constraints for the lower and upper bounds in our
modeling. Figure 2 illustrates the situation with a vertical cross-section having
lateral coordinate on the first axis and depth on the second axis. Here, the
upper and lower layers vary in depth and the biomass as well.

2.4 Data sources and observation models

Table 1 summarizes the various data sources used in the campaign. SINMOD

Type Sensors Measured variables
SINMOD Numerical bio-ocean model Calanus
2 AUVs Turner Cyclops7 Chl a

SilCam Zooplankton
AML (CTD) Salinity, Temperature, Depth

2 ASVs EK80 (Echosounder) Zooplankton
Net- and rig water samples SilCam Zooplankton

Table 1: Overview of the platforms and sensors used to gather data.

is a numerical physical oceanography model for the fluid dynamics in the ocean
domain. It is connected to a biological oceanographic model that provides the
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Calanus intensity. Figure 3 shows a numerical ocean model prediction from the
area. While such numerical models provide much insight into the phenomenon,

Figure 3: Numerical ocean model prediction of Calanus at a selected time.

they can be quite biased in space and time. In-situ sensor data are the opposite,
offering no skill and often sparse data samples, but they have accurate snapshots
of the sampled variables at the observation locations. In situ observations are
provided here by AUVs and ASVs in addition to net samples at select locations.

Note that the sensors measure at different scales: While AUVs move in the
lateral domain and depth, providing rich data at point observations in north,
east, and depth coordinates over time, the echosounders installed on the ASVs
provide integrated biomass observations and the depth to the upper and lower
bounds of this Calanus biomass layer.

In Figure 2, we sketch AUV and ASV data acquisition settings. The ASVs
carry a 200 kHz transducer from Kongsberg Discovery AS, Horten, Norway.
These sensors are used for detecting the sound scattering layer (SSL) of the
zooplankton. The strength of the SSL can be used to estimate the characteristics
of the zooplankton distribution in the water column (Liao et al., 1999; Iida et al.,
1996) The AUVs carry several sensors of value; the SilCam, Chl a fluorometer,
salinity, and temperature sensors. The SilCam is used for taking photographs
of the Calanus, and when linked with depth and position, this enables us to
create depth profiles for the Calanus with relative biomass. To obtain estimates
of the water column distribution of the biomass from the AUV measurements,
one needs to fit the data to a model for the true variables and then predict
for the water column. From the operation boats, a rig fitted with a SilCam
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was moved down and up in the water column, collecting particle images In
addition, horizontal nets were trawled to collect physical samples of zooplankton,
primarily C. finmarchicus

The various in-situ data sources are discussed next in more detail using
mathematical notation. The upper and lower bound data are modeled by

yν,lower(sN , sE , t) = xlower(sN , sE , t) + ϵν,lower(sN , sE , t),

yν,upper(sN , sE , t) = xupper(sN , sE , t) + ϵν,upper(sN , sE , t), (1)

where ν refers to the sensor used. The ASVs echosounders provide lower and
upper bound depths from onboard processing. For the AUVs, the measurements
are computed from a threshold in the Calanus counts, using a window of depth
measurements and lateral extent.

For the ASV biomass measurements, we assume the following observation
model for the log-biomass:

log yν,bio(sN , sE , t) = ανxbio(sN , sE , t) + βν + ϵν,bio(sN , sE , t). (2)

The correction parameters αν and βν are needed for the differing types of sensors
that are mounted onboard vehicles.

Note that the observation models in equation (1)-(2) are of a conditional
type. That is, for the biomass in (2) for instance, we can equivalently write this
as

log yν,bio(sN , sE , t)|xbio(sN , sE , t) ∼ N(µν,bio(sN , sE , t), r
2
ν,bio),

µν,bio(sN , sE , t) = ανxbio(sN , sE , t) ·+βν , (3)

where r2ν,· terms denote the variance of the observation process for different
sensors. With multiple measurements we then get a variance-covariance matrix
for the observations, denoted by Rη,ν , where η refers to the field type. In our
setting with independent error terms in space and time, the matrix becomes
diagonal. The models in (1)-(2) are Gaussian and linear, which is the most
common assumption in such settings.

SilCam observations of biomass introduce a complication because of Calanus
count numbers rather than having a continuous variable like depth or Chl a
measurements. For SilCam data, one moves out of the Gaussian model assump-
tions. For the counts data we use a Poisson model with the intensity as a latent
variable. The observation model is then defined by

yν,bio(sN , sE , sz, t)|xbio(sN , sE , sz, t) ∼ Poisson(exp(xbio(sN , sE , sZ , t))). (4)

Here, we assume that the samples are over the same water volumes and that
the quality of the SilCam data is the same for both AUV vehicles. Only the
spatio-temporally varying intensity xbio(sN , sE , sZ , t) matters in the observation
model.
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3 Methodology

We now describe our approach for probabilistic assessments of the upper / lower
layers and the biomass distribution. Our approach relies on Bayesian methods,
using a priori assumptions about the layer depths and the biomass distribution
along with the observation models described in Section 2.4.

Prior models are chosen to be Gaussian random fields. Coupled with linear
Gaussian observation models, this gives a conjugate Gaussian posterior distri-
bution, conditional on the in-situ observations. The AUV data with SilCam
counts are assumed to be Poisson distributed, giving a more complex approxi-
mate conjugate model.

The platforms work differently, and sensors also need different processing
techniques. We have here chosen to assess the data separately, and then only
compare results in the end. Model parameters are then also estimated separately
for each platform and each field. For this specification, we use cross-validation.

3.1 Prior models

We build a model for the variables of interest to enable spatio-temporal predic-
tion. This enable estimation and uncertainty assessments about the copepod
biomass per square meter, and at what depths (upper and lower) the layer of
copepods are located. The model that is used here consists of three independent
Gaussian random fields (GRF). Focusing on the ASV platform, the locations
s ∈ D ⊂ R2×R+, where D is the operational space-time domain. The variables
are then xbio(s), xupper(s) and xlower(s), at space-time points s ∈ D. The GRF
models allow for trends in space and time coordinates, variability in realized
field variables and spatio-temporal correlations in the fields (Banerjee et al.,
2015).

Sets of domain points are denoted by S = (sS,1, sS,2, . . . , sS,n) or P =
(sP,1, sS,2, . . . , sP,m). This will be useful for us when we gather data at a
collection of sampling point locations at times, set S, and when the goal is to
predict at the same or other locations and times, set P.

Mathematically, a GRF model means that the distribution of chosen field
variables at set P can expressed using a multivariate Gaussian model:

xη,P ∼ N(µη,P ,Ση,P), (5)

where µη,P and Ση,P are the a priori mean and covariance matrix, respectively,
for any of the field η being log biomass, upper or lower depths. When the
cardinality of the set P is n, the mean is a length n vector while the covariance-
matrix is size n× n.

Often, the mean is modeled using a set of covariates or from data. In our
case the mean values are typically depending on the depth coordinate. Of
course there is also a time of day dependence, but the experiments were done
during daytime. The entries of the covariance function are set from correlation
functions ρ(), such that between two points si and sj we get covariance

Ση(i, j) = σ2
η · ρη,EN(|si,E,N − sj,E,N|;φη,EN) · ρt(|si,t − sj,t|;φη,t), (6)
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where the field variance is σ2
η and we assume that the covariance is separable in

space and time, and with the spatial correlation function ρη,EN(.) and in time
ρη,t(.). These correlation function are in our case chosen from a Matern class
with smoothness 3/2 (Banerjee et al., 2015), which guarantees positive definite
covariance for any size n and any subset of points going into the set P. The
correlation parameters φη,t in time and φη,EN in the lateral domain must be
estimated from data.

For the AUV point sensor, we add depth coordinates for the GRF represen-
tation. With the separable covariance structure defined in Equation 6 we then
augment the model with a depth component ρz(|si,z − sj,z|;φη,z).

3.2 Conditioning

Provided field-η observations yη,ν of data type ν at points S, the next step is to
condition the field mean and covariance. Assuming Gaussian linear models, we
get conjugate models (Omre et al., 2024). The conditional Gaussian distribu-
tion of field variables xη(P) at prediction locations P, given the measurements
yη,ν(S) is:

xη(P) | yη,ν(S) ∼ N (mη,P|S ,V η,P|S), (7)

mη,P|S = µη(P) +Ση(P,S) [Ση(S) +Rη,ν ]
−1

(yη,ν(S)− µη(S),

V η,P|S = Ση(P)−Ση(P,S) [Ση(S) +Rη,ν ]
−1

Ση(P,S)⊤.

Here, mη,P|S is the conditional mean and V η,P|S is the conditional covari-
ance matrix. In the updating formulas in Equation (8), Ση(P,S) is the cross-
covariance between the variables in prediction point set P and observation point
set S.

With Poisson distributed counts (for the AUV sampling), there is not a
similar closed form for the posterior. See Appendix A for how a posterior
approximation is fit in this situation. For posterior prediction of biomass at
unsampled locations, the nonlinear observaton model result in a non-Gaussian
posterior. To estimate the biomass integral we use Monte-Carlo sampling. From
the posterior approximation, we draw K samples from the water column

x
(k)

η,W(i)
c ≈yη(S)

∼ N
(
m

η,W(i)
c |S ,V η,W(i)

c |S

)
, k = 1, . . . ,K. (8)

Then we compute the numerical integral over the water column

I(k)(s) =

n∑
j=1

exp
(
x(k)
η (zj)

)
·∆z, (9)

for a selected spacing ∆z. The samples
{
I(k)(s)

}K

k=1
are Monte Carlo draws of

the integrated biomass. Statistics such as the mean integrated biomass, variance
and credible intervals can be computed from the samples.
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Figure 4: Illustration of how observations along one path are split into spatio-
temporal blocks and folds. Left: spatial partitioning at one time step. Right:
one path split into blocks; each color corresponds to a cross-validation fold.

3.3 Parameter estimation and selection

In both prior models and observation models there are several parameters that
must be specified. Starting with the observation models, there are the two
biomass correction parameters; αν and βν , for the four different vehicles. Then
there are variance parameters in the measurement noise terms ϵη,ν , for the four
vehicles and for the biomass, upper and lower bound variables. For the prior
models we must also specify lateral, depth and time correlation parameters and
variance parameters for each field and for each vehicle because we are assessing
the fields separately.

We employ k-fold cross-validation with spatio-temporal blocks to estimate
model parameters. In contrast to standard k-fold cross-validation, where indi-
vidual observations are randomly assigned to folds, our approach first partitions
the data into spatio-temporal blocks. Due to the spatio-temporal dependence
structure of the data, such partitioning has been reported to outperform the
standard random-fold approach for spatio-temporal data (Valavi et al., 2019).
The random fold tends to underestimate predictive uncertainty.

Figure 4 illustrates our method of dividing observations along a single path
into spatio-temporal blocks. Once the blocks have been assigned to folds, the
usual k-fold cross-validation is performed by iteratively holding out one fold for
validation and using the remaining folds for training.

Model performance is evaluated using the predictive negative log-likelihood
on the hold-out set. Doing so, the objective function is defined as the mean pre-
dictive negative log-likelihood across all folds, which is minimized with respect
to the model parameters.

11



Figure 5: a) AUV’s movement in the water column and the predicted Chl a
values from 0m to 30m. b) Integrated Chl a between the bounds and a 90 %
credible interval. c) Number of copepods observed per depth observation. d),
e) and f) Sensor readings for the different depths throughout the transect, the
color of the dots indicates how far into the mission the sample is taken

4 Results

The results here compare water column statistics for different vehicles and sen-
sors. The data was collected between the 20th and 28th of May 2025.

4.1 Comparison AUVs

Before comparing observations across the different platforms, it is useful to
first examine the data collected by each platform individually. The AUVs are
equipped with four sensors that will be considered here: Chl a, salinity, tem-
perature, and the SilCam particle camera. It should be noted that SilCam
observations are not available for all transects, whereas the other sensors pro-
vide measurements for every transect.

Figure 5 presents an example transect performed by one of the AUVs and
illustrates several key features of the collected data. In Figure 5(a), the vertical
trajectory of the AUV through the water column is shown, with color indicating
the predicted Chl a concentration. From this panel, it can be observed that Chl
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a varies relatively little in the horizontal direction over the spatial scale of the
transect, whereas substantial variation occurs with depth. The depth-integrated
Chl a along the transect is shown in Figure 5(b). A slight increase is observed
at the beginning of the transect, after which the values remain relatively stable.
The credible interval widens when the AUV approaches the surface, reflecting
increased uncertainty in the estimates in this region.

The lower four panels in Figure 5(c)–(f) present the measurements from
the four sensors as functions of depth. These plots illustrate how the observed
variables vary throughout the water column. In particular, the profiles suggest
a relationship between variations in salinity, temperature, and Chl a. Further-
more, there appears to be a higher occurrence of copepods in regions where
Chl a concentrations are elevated. It should be noted, however, that SilCam
observations can be highly variable, as relatively few captured images contain
identifiable copepods.

Because the SilCam was operating during this transect, it is also possible to
visualize some of the observed organisms. A collage of selected SilCam images
of Calanus recorded during the transect is shown in Figure 6. From the data

Figure 6: Collage of Copepods pictured by an AUV during one transect on
2025-05-25.

in Figure 5, it does seem that the zooplankton are roughly at the same depth
as the phytoplankton, but this is not necessarily the case. Figure 7 shows
the mean integrated Chl a against the mean integrated copepod intensity for
different transects. This shows that there was an inverse relationship between
the abundance of Chl a and copepods.

In this case, we have deployed two different AUVs, and while they are never
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Figure 7: Mean integrated Chl a vs. mean integrated copepod intensity for
different transects. The error bars indicate the variance for each transect.

at the same location at the same time, they are sometimes close enough to make
a comparison. We conduct a pairwise comparison of data from the two AUVs at
different locations within a range of distances in space and time. The results are
shown in Figure 8, where the three plots show predictions for AUV 1 (first axis)
and AUV 2 (second axis) for upper-bound (a), lower-bound (b) and integrated
biomass of Chl a (c). Each marker in the plot represents the prediction from

Figure 8: Comparison between the water column statistics for Chl a for the two
AUVs. a) Crossplot and correlation of the estimated upper bound, b) Crossplot
and correlation in the estimated lower bound and c) Crossplot and correlation
in the integrated Chl a biomass. The color of the points indicates the spatio-
temporal correlation as shown in the colorbar.

AUV 1 and AUV 2. The lengths of the vertical and horizontal bars at each
mark show the prediction 90 % uncertainty derived from the standard deviation
and the normal distribution percentile. The color of a marker is the corre-
lation between the points as defined by the spatio-temporal statistical model;
Cη(i, j) = Ση(i, j)/ση2 where Ση(i, j) is defined in Equation (6). The color
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(a) (b)

Figure 9: Estimated upper and lower limit (a) changes with time and also the
biomass (b).

can then be interpreted as a closeness between the two AUV values, a red color
indicates that the AUVs were close in space and time for that measurement. A
threshold of 0.25 is chosen for points to be displayed.

The crossplots show that water column statistics from the two AUVs are
correlated when they are relatively close. The solid fit line is not very far from
the dashed straight line through the origin, and the correlation values (0.82,
0.98, and 0.71) are substantial. There is a tendency for scatter points closer
to the diagonal to show more spatio-temporal correlation (red-orange-yellow
colors). The correlation in the two AUV predictions is not very surprising,
considering that the observations are made by similar vehicles with the same
sensors. However, the transects performed by the vehicles are not the same,
nor are they regular in the sampling design. This means that water column
statistics extracted from an AUV can be compared with statistics from another
vehicle. Despite the similarity, we notice that the uncertainty is somewhat
underestimated, especially for the upper and lower bounds, as the width of the
vertical and horizontal bars does not cover the diagonal.

4.2 Results of ASV sampling

The next major platform used is the ASV. For each location of the trajectory,
we can obtain the upper and lower layers, as well as the biomass. This is shown
for one vehicle in a select time and spatial domain in Figure 9.

Figure 9 (a) shows how the upper and lower bounds change. The crossed
markers are sensor observations, while the solid lines are predictions made by
the Gaussian random field model. Figure 9 (b) shows the biomass observations
and predictions over the same time interval.
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4.3 Comparing AUV and ASV

During the field campaign, the ASV and the AUVs were sometimes in close
proximity. This means that we can compare statistics from different vehicle
types and sensor types. Figure 10 shows the Chl a statistics for an AUV (first
axis) and the echosounder biomass estimate from the ASV (second axis). The
right plot shows the correlation between the abundance of Chl a in the water
column measured by the AUV and the biomass estimate estimated from the
echosounder on the ASV; if anything, it looks like there is a negative correlation
here. In the locations with the highest amount of Chla there was little back-
scattering from the echosounder. This is similar to the results found for the
single AUV results.

Figure 10: Comparison between the water column statistics for Chl a for the one
AUV and one ASV. a) Crossplot and correlation of the estimated upper bound,
b) Crossplot and correlation in the estimated lower bound and c) Crossplot and
correlation in the integrated Chl a biomass. The color of the points indicates
the spatio-temporal correlation as shown in the colorbar.

The AUVs are also equipped with the SilCam, which we can compare with
the echosounder; this comparison is shown in Figure 11. For this figure, we
can see that there is a correlation between the biomass estimate in the water
column from the AUVs SilCam and the ASV echosounder. This can indicate
that the echosounder and the SilCam can be used as complementary sensors to
find copepods and estimate the biomass in the water column. It is important
to note that a SilCam mounted on an AUV can be a noisy way of detecting
copepods. Additionally, there was a smaller selection of transects where the
SilCam was turned on and functioning properly.

4.4 SilCam Rig

For two days during the field campaign, the rig with the SilCam was used. This
rig setup can be compared with the other vehicles. The issue is that only the
AUVs were close enough for a comparison, but the SilCams were not running
properly at the same time. Thus, it is mostly just the integrated Chl a and
integrated Copepod abundance. The resulting correlation between the AUVs
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Figure 11: Comparison between the water column statistics for SilCam for the
one AUV and one ASV. a) Crossplot and correlation of the estimated upper
bound, b) Crossplot and correlation in the estimated lower bound and c) Cross-
plot and correlation in the integrated SilCam biomass. The color of the points
indicates the spatio-temporal correlation as shown in the colorbar.

and the rig can be seen in Figure 12; similarly to what we have seen before, there
was an inverse relationship between Chl a abundance and copepod abundance.

Figure 12: Comparison between integrated biomass for a from AUVs and inte-
grated biomass for copepods from SilCam on rig.

5 Closing remarks

We have reported findings from a multi-vehicle, multi-attribute field deployment
in the ocean off the coast of Norway around Mausund during the spring season.
Focusing on phytoplankton and the zooplankton C. finmarchicus, we compare
results obtained from AUVs, ASVs, net and rig samples, and numerical ocean
models.

The comparison builds on the use of water column statistics, such as the up-
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per and lower depths of the biomass layer and the vertically integrated biomass
at different lateral locations. Statistical modeling based on Gaussian random
fields and Bayesian statistics is used to infer property attributes based on the
various sensors. The AUVs successfully mapped the vertical distribution of
phytoplankton and zooplankton biomass in the area, which typically occurred
between depths of 5 and 20 m. It should be noted that deeper layers than 30
m would be difficult to detect because of the vehicles’ operational depths dur-
ing the campaign. From SilCam images of Calanus, we noticed correlations in
Chl a, Calanus counts, and variability in temperature and salinity with depth.
Results from comparing AUVs measurements correlated reasonably well when
they were close in space and time. Similarly, the ASV was able to map the
vertical biomass and the layers of Calanus. Interestingly, the biomass estimate
for Calanus aligned reasonably well with the estimates from the AUVs SilCam,
but some calibration is necessary to make them truly comparable. These two
sensors and vehicles work in different ways, making this comparison notewor-
thy. Across all platforms, an inverse relationship between Chl a and copepod
abundance was found.

For future work, we are interested in building a unified model based on all
data types and guiding this for hot-spot sampling, as well as for intelligent
spatio-temporal exploration of the domain.
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A Posterior approximation of Calanus intensity

Due to the count data of Calanus, there is no closed form posterior model
conditional on the observed counts. Instead, we here approximate the posterior
model with a Gaussian fit at the posterior mode.

The approximation is based on iteratively fitting a Gaussian model by lin-
earizing the Poisson likelihood model for count data to a quadratic form. For
simplicity, the prediction location set P is here assumed to be the same as the
observation location set S. At each step in the iterative method, Equation 8 is
then slightly modified as

xbio(S)|ybio(S) ≈ N(m̂xA|yA
, V̂xA|yA

), (10)

m̂xbio,S |ybio,S = µbio,S +Σbio,S (Σbio,S + P )
−1

(z − µbio,S),

V̂xbio,S |ybio,S = Σbio,S −Σbio,S(Σbio,S + P )−1Σbio,S .

Now, the values z and P are recalculated at every iteration in a Newton-
Raphsons algorithm. Algorithm 1 indicates the steps of the procedure and for
outputing the approximate posterior mode and covariance matrix in Equation
(10).

With a different prediction set, one can introduce a linear sampling operator
that picks the observation sites but leaves the prediction sites unobserved. This
would entail building a sparse matrix which consists of mostly 0 entries and
with some 1 entries. The 1 indicates a sampling site in a grid representation of
the domain.
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Algorithm 1 Newton-Raphson Algorithm for posterior approximation in the
situation with a Poisson observation model.

Require:
Observations ybio from a path S, prior-mean µbio(S), and covariance matrix
Σbio(S,S) and a tolerance δ
x(0) = log (ybio + 1ϵ) as the initial guess (minuscule ϵ > 0)
repeat For each time k = 0, 1, . . .: ▷ Loop until convergence

Get z with entries zi =
(
yi − exp(x

(k)
i ) + x

(k)
i · exp−x

(k)
i

)
· exp(x(0)

i )

Get P with entries Pi,i = exp
(
x
(k)
i

)
and Pi,j = 0 when i ̸= j

Get m̂
(k)
xA|yA

and V̂
(k)
xA|yA

from Equation (10)

x(k) = m̂
(k)
xA|yA

if
∥∥x(k) − x(k−1)

∥∥ < δ then

Return m̂
(k)
xA|yA

, V̂
(k)
xA|yA

, z and P

end if
until
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