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Problem 1

Based on studies of livestock, one speculates whether cows exposed to substantial

levels of pollution have larger fluoride levels in their intestinal system. If so, this

could influence animal health as well as dairy production. Data (Table 1) of urinary

fluoride concentration (parts per million) were measured for cows grazing near an

industrial area (7 cows) and in an unpolluted area (5 cows).

Polluted 21.3 18.7 23.0 17.1 16.8 20.9 19.7

Unpolluted 14.2 18.3 17.2 18.4 20.0

Table 1: Data showing urinary fluoride levels in cows grazing in two di�erent areas.

In part a) and b) below, we assume that the data in the two groups are distributed

according to Xi ≥ N(µ1, ‡2
1), i = 1, . . . , 7, Yj ≥ N(µ2, ‡2

2), j = 1, . . . , 5. We further

assume independence in the data.

a) From the data, we get pooled variance (sammenslått varians) s2
pool = 2.23

2
.

Conduct a one-sided T-test for equality of mean values in the two groups.

Use – = 0.05 significance level.

b) In this situation with data in Table 1, we get s2
1 =

1
6

q7
i=1(xi ≠ x̄)

2
= 2.274

2
,

s2
2 =

1
4

q5
j=1(yj ≠ ȳ)

2
= 2.157

2
.

Conduct a hypothesis test at significance level – = 0.05 for equal variance

in the two groups.

Does the result matter for what you did in question a)?

Alternative tests for equality of mean or median in this two-sample situation in-

clude the non-parametric Wilcoxon rank-sum test (to-utvalgstest).

c)

Formulate the one-sided Wilcoxon rank-sum test for the current setting.

Use an exact test or a normal approximation test to conduct the hypothesis

testing at significance level – = 0.05. Compare with the result in a).
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Problem 2

Billy is in his cabin with friends, celebrating Easter holiday. Easter Sunday is the

first Sunday after the first full moon after March equinox (vårjevndøgn). Ignoring

equinox time variability and leap-year/time-zone problems, assume that equinox

is on 21 March. This means that Easter Sunday can occur on any date between 23

March and 23 April. Billy thinks, like most of his friends, that no date is more likely

than others in this interval. But he is doing a statistics class this semester, and he

starts comtemplating whether the date of Easter Sunday is uniformly distributed

between these limits or not. He looks through old calenders stored in the cabin.

Every year since 1971 (54 years in total), he finds the date of Easter Sunday. He

makes a list where 1 corresponds to 23 March, 2 corresponds to 24 March, and so

on, until 32 which corresponds to 23 April. He decides to bin the entries in the

listed data in 4 bins: (1-8), (9-16), (17-24) and (25-32). Data are in Table 2.

Bins (Days after equinox) (1-8) (9-16) (17-24) (25-32)

Number of years 9 15 15 15

Table 2: Data showing date distribution of Easter Sunday, counting days after

equinox. The number of years data in bins represent the times since 1971 (54

years in total) that Easter Sunday was this many days after equinox.

a)

Formulate Billy’s reflections about uniformly distributed dates of Easter Sun-

day as a hypothesis test.

Use a goodness-of-fit statistic to conduct the hypothesis test for this data.

Use – = 0.05 significance level.

Going through the list of dates, Billy recognizes a kind of pattern in the dates

occurring in consecutive years. For each of 53 consecutive year pairs, he marks the

first date (Day 1) and the second date (Day 2). He conducts the similar binning

for each outcome in these date pairs. The data are summarized in Table 3.

b)

Are Easter Sunday dates of two consecutive years independent? Formulate

this as a hypothesis test with the statistical model under the null hypothesis.

Use an approximate test for contingency tables to conduct the hypothesis

test for this data, with a significance level of – = 0.05. Comment on the

validity for the approximation.
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Day 1(1-8) Day 1(9-16) Day 1(17-24) Day 1(25-32)

Day 2(1-8) 0 0 5 4 9

Day 2(9-16) 4 0 0 11 15

Day 2(17-24) 4 10 0 0 14

Day 2(25-32) 0 5 10 0 15

8 15 15 15 53

Table 3: Data showing joint date (after equinox) of Easter Sunday in 53 consecutive

years.

Problem 3

In a study of North American bluegill fish, scientists gathered length data of 20

fish. In addition to the length of the fish, they registered the age of the fish and

the altitude and pH level in the lake that the fish were caught. For multiple linear

regression modeling, the response is length (y) and covariates are age (x1), altitude

(x2) and pH level (x3).

a) b) 

Figure 1: a) R print-out of the multiple linear regression fit for length with co-

variates age, altitude and pH level. b) R print-out of the linear regression fit for

length (mm) with covariate age (year).

a)

Write down the multiple linear regression model for this situation.
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Describe the statistical modeling assumptions (modellantakelsene).

Figure 1 a) shows a standard print-out from R. Find approximate values for

the numbers that are marked out with gray boxes in this display.

b) We will now focus on length [mm] as a function of the age [year] covariate

alone, with model yi = —0 + —ix1,i + ‘i and independent ‘i ≥ N(0, ‡2
),

i = 1, . . . , 20. Figure 1 b) shows a standard print-out of the linear regression

fit from R.

Use the print-out to construct a 90 % confidence interval for the length

growth of a fish per year.

Predict the length for fish of age 2, 4 and 7 year. Sketch the fitted line with

the data (without details). Comment on the residuals one gets from this

model.

c) Figure 2 a) shows a cross plot of (x1,i, yi), i = 1, . . . , 20. Based on this plot,

researchers switched to a quadratic model for length as a function of age.

yi = —0 + —1x1,i + —2x
2
1,i + ‘i, i = 1, . . . , 20.

Figure 2 b) shows the R print-out for this situation.

a) b) 

Figure 2: Left) Plot of length (mm, second axis) and age (year, first axis) of

bluegill fish. Right) R-print out of the quadratic regression model for length with

covariate age and age
2
.
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How are R2
and R2

adj
defined? Compare and discuss these values in the

three di�erent models in a), b) and c).

Relying on the quadratic model for length as a function of age, next:

Estimate the age at which the expected length of a bluegill fish is the largest.

Use linearization to approximate the variance of this age estimate. (The

covariance between —̂1 and —̂2 is ≠7.86.)

Problem 4

Data of production e�ciency y in a 2
4≠1

fractional factorial design are shown in

Table 4.

A B C D y
-1 -1 -1 -1 88.1

1 -1 -1 1 92.2

-1 1 -1 1 90.1

1 1 -1 -1 93.7

-1 -1 1 1 92.1

1 -1 1 -1 92.7

-1 1 1 -1 93.1

1 1 1 1 92.9

Table 4: A fractional factorial 2
4≠1

design with factors A, B, C and D along with

response y.

a)

What is the estimated e�ect of factor A?

What is the generator and the confounding (alias) structure of this fractional

factorial experiment?

Ignoring any interaction e�ects, we can estimate the variance in this experiment.

We can then study the significance of main e�ects.

b)

Specify the variance of the estimated e�ects.

Is the e�ect of A significant at level – = 0.05?


